Findings
The answer to the research question is presented below in two main respects.
a. First, the research question receives a theoretical answer that includes the list of intervention principles and its characteristics as adduced from the research literature. Thus, the list of intervention principles is itself a theoretical finding that answers the research question. The list, theoretical before the study, becomes an applied list for teaching methods at the end of the study.
b. Second, authentic descriptions of two lessons given during the intervention period are presented and the lessons are analyzed on the basis of the intervention principles. In the analysis, the application of the theoretical principles and the development of a problem-solving process by students who participated in the study are observed.
Aspect 1: Describing and Conceptualizing the Intervention Principles
Below I review the teaching principles that were enunciated before the study and defined by means of the research literature. The intervention principles listed below are the standard teaching methods and the mathematical and socio-mathematical norms that underpin the structure of lesson management throughout the year. These principles are themselves a finding that provides a theoretical answer to the research question.
1. Attention to abstractionalizing acquired knowledge (as against teaching based on instantiation and substantiation) (Kaminski, Sloutsky, & Heckler, 2008). This principle reflects the fact that when one solves any problem one generalizes the strategy applied and compares the problem with other problems solved by means of the same heuristic strategy. This transforms problem-solving into a general idea about arriving at solutions as opposed to the individual case of a given problem only.
2. Analogizing problems—the act of analogizing problems relates to mapping two or more problems, including comparison of data, procedures, concepts, processes, or any similar idea worthy of comparison (NCTM, 2000). This act steers learners to a situation in which they generalize the problem and compare it with other problems, not only in external characteristics such as wording but also in internal properties such as the process of solving it and the strategies that the process accommodates. As a result, students develop skill in solving math problems (Dixon & Brown, 2012; Gentner, 1983; Reed, 1993; Mayer, 2011).
3. Thinking reflectively about solving problems—this is expressed explicitly; students’ occupation with metacognitive questions gives them a stronger connection and a better understanding of the meaning of concepts and processes that they have learned. Reflective thinking helps learners to organize new information that they learn on the basis of prior knowledge for future use (Chazan, 1996, 2000; Sweller, 2016).
4. Using “worked example” sheets—as a way to acquire new knowledge about problem-solving strategies. Worked-example sheets are helpful in organizing knowledge, e.g., of mathematical formulae or procedures and how to apply them to solve problems, or of heuristic strategies for use in solving math problems of certain kinds and contents (Bokosmaty, Sweller, & Kalyuga, 2015; Mayer, 1998a, 1998b; Mousel, 2006; Rossow, 2005; Sweller, 2016). A worked example alleviates working-memory load (Sweller, 2015a, 2015b; Sweller, Ayres, & Kalyuga, 2011).
	In addition, worked examples that focus on explaining a heuristic strategy toward a solution are helpful in focusing concentration and attention on material learned, constructing a cognitive scheme by identifying and borrowing new elements that correspond to prior ones, and alleviating excess cognitive load as learning takes place (Kirschner et al., 2006; Sweller, 2016).
	Worked examples should be tailored to learners who have different levels of mathematical knowledge (Kollar et al., 2014).
5. Explicit teaching of heuristic problem-solving strategies—was found promotive of problem-solving and heuristic problem-solving literacy (Koichu, 2003; Koichu, 2015; Ovadiya, 2017; Nelson, 2007; Nunokawa, 2006). 
6. Involving students in all learning processes in class—students are coöpted into all learning activity. One of the main goals of the lesson is to steer students toward learning situations in which they will be inquisitive, enterprising, independently investigative, and active learners (Chi et al., 1989). A crucial question that students ask the teacher and is referred back to the class is addressed to the students collectively as one that they are invited to answer (Mayer, 1998a, 1998b). That is, students are responsible for finding an answer. Their initiatives and actions promote commitment to memory of the contents taught (Rossow, 2005). Students dictate the pace of the lesson; they are responsible for it and determine the style of the “doing of mathematics” and the stages and processes in which the solution is attained (Cobb, Stephan, McClain, & Gravemeijer, 2001; Cobb, Yackel, & Wood, 1989/2011; Rogoff, 1990; van Gog, & Paas, 2008; van Gog, Paas & van Merriënboer, 2008).
7. Holding the teacher responsible for summarizing cognitive and meta-cognitive processes (not as an oracle but as a mentor)—The teacher reflects and describes aloud, “What have we said? “What have we done?” “How did we solve it?” (Mevarech & Kramarski, 2003), as against students’ responsibility for initiating, acting, and discovering. The teacher deals with differences in students’ thinking by summarizing the ideas (Desoete, Roeyers, & De Clercq, 2002).
8. Solving a problem begins with analyzing and understanding it—investing more time in analyzing the problem, both to understand it and to impart the norm of analyzing a problem as a critical stage in solving it (Chazan, 1996, 2000). Experts invest more resources in analyzing a problem than in solving it (Mousel, 2006).
9. Basing the class discourse and interaction on permanent norms—of which the students are aware beforehand. They include intervention principles such as analogizing math problems, assigning a name to a heuristic strategy toward a solution, justifying and explaining ideas by students, participating in the discussion in a manner compatible with ideas raised in it, tolerating ideas expressed in class, heeding peers’ remarks, and participating in class activity on the basis of rules invoked in class (Cobb et al., 1989/2011).
All nine principles stem from three overarching principles: explicit teaching of heuristic strategies (5-6-8-9), analogizing of problems (1-2-3-6-8-9), and teaching via worked examples (4-5-8-9).
Aspect 2: Analysis of Two Lesson Scenarios from the Intervention Period
Below I present segments of two lessons. The examples in these scenarios are representative of unexceptional lessons during the research period, meaning that in many ways they are characteristic of multiple similar lessons given during that time. The purpose of the presentation is to map elements of the lesson and classify them into intervention principles in order to demonstrate the existence and implementation of these principles in the research field, teaching. Each scenario also demonstrates learners’ progress in solving math problems.
Scenario A—Investigating a Function
Described below in general terms and in partial transcription is a lesson segment (approximately 20 minutes out of 90). At the beginning of the lesson, the students wished to solve a problem that they had been unable to solve in homework. In the previous lesson, they had been shown worked examples including three different problems and were given a strategic explanation of how to find an equation tangent to the function graph. The problem below is taken from Gabi Yakuel’s book (2007, p. 244, Problem 11):

Given function y=x2, find the point on the function graph at which we should pass a tangent that:
a. will be parallel to straight line y=4x-5;
b. will be perpendicular to straight line 2x-6y+5=0
Figure 1. A Problem in Investigating a Function (12th grade)

The problem was assigned as homework and the students claimed that they were unable to solve it.
I ask a volunteer student to solve the problem that I wrote on the board and allow her to use any aid that she may need (The class responds to this with perplexity, saying things like “But we tried to solve it and couldn’t”; “It’s a waste of time; solve it for us!” “Look, we couldn’t do it at home; how will we do it now?” Then tense silence. Avital approaches the board. She announces that she does not know how to solve the problem but dares to try. As she makes the attempt, three other students in class try to glance at a book, a notebook, or solved-example sheets. Others wait for Avital to finish writing on the board or stare at her silently. Avital asks questions such as “Should I start with the derivative?” I do not reply. She begins with the derivative even though neither I nor the class answered her question. Avital writes a derivative on the board. She also writes “x=2” and says quietly that the slope is 4. I’m finished, she announces. A spontaneous discussion erupts in class:

1.	Teacher: What’s this, x=2?
2.	Avital: [No response.]
3.	Teacher: Avital, why do you relate only to the algorithm? What do you think I expect of you? What can represent the problem for you? (Turns to the class) What has happened that would explain the question?
4.	Raheli: Let’s draw the function and we’ll understand the problem.
5.	Teacher: Excellent. Who’s ready to tell me how to draw y=x2?
6.	Students guide the teacher in drawing a symmetrical parabola in accordance with the y-axis, the point of which is positioned at the beginning of the axes.
7.	Teacher: What else should we sketch?
8.	Rali: The parallel.
9.	Yafit: According to [cutoff] points[footnoteRef:1] with axes. [1:  In this article, words in brackets are additions to students’ remarks that I inserted in order to improve clarity. ] 

10.	Teacher: [With Yafit’s guidance, she draws both a tangent point and a straight line parallel to it.]
11.	Raheli: What’s that got to do with the question?
12.	Teacher [to the class]: What’s that got to do with the question?
13.	Maayan: It explains what has to be done. Because here’s the graph and here’s the straight line and now we have to find …. [tails off]
14.	Raheli: But no one’s saying what to do.
15.	Teacher: Not saying what to do?
16.	Maayan: You didn’t read the question correctly. Parts A and B are about the question of finding a point that….
17.	Rali [contemplating a worked example]: Just so. There’s a question about a point. And the point is a place where a tangent parallel to a given straight line and perpendicular to another straight line runs? [She expresses the last three words in a doubtful tone.]
18.	Yafit: Part A has nothing to do with Part B.
19.	Teacher: Part A has nothing to do with Part B?
20.	Rali: We’ve found A. Here, yes, Avital found a slope. And we drew the parallel on the board and we drew the parallel from a point on the function. Now it has nothing to do with Part B.
21.	Teacher: What will explain the question to us?
22.	Rali: Let’s work out a simpler problem, similar [to the present one].
23.	Yafit: Let’s draw it.
24.	Teacher: Shall we continue with the drawing that we’ve made?
25.	Yafit: Let’s erase the parallel.
26.	Moriah: What have you done there? [Points at the board] [For some reason, they do not notice her question and do not answer her; she continues to follow the class discussion.]
27.	Teacher: What shall we sketch?
28.	Yafit: There’s no such thing, Let’s look for a perpendicular straight line.
29.	Teacher: Why?
30.	Yafit: Because it’s perpendicular to something.
31.	Teacher: Isn’t that great? Do you understand what Yafit is saying? There’s no universal ‘perpendicular’ straight line! This function can have an infinite number of perpendiculars. We’re in a peculiar situation here.
32.	Yafit: Perpendicular to a point.
33.	Rali: So for sure Part A has nothing to do with [Section] B. It’s a different point. [Walks back the doubt that she had expressed at Line 20.]
34.	Teacher: Fantastic! Prove it.
35.	Teacher: I need your help to make a drawing.
36.	Oriah: Draw the perpendicular. I’ll show you how. [Oriah guides the teacher in drawing a perpendicular. The teacher draws.]
37.	Raheli: “I don’t understand.”
38.	Rali [to Raheli]: Wait a minute. Look, we’re drawing [it] and you’ll understand.
39.	Teacher [after the drawing on the board is over]. So let’s generalize everything we’ve done thus far. [Together with the students, she counts all the actions taken.]
40.	[Below are answers expressed in class]. We read the question. Avital found a derivative and a point. We drew the problem. We asked the questions of the problem. We drew again. We tried to understand what we were supposed to find. We recalled the relationship between parallel straight lines. What perpendicular straight lines are. We understood what had to be found. We searched for a similar problem. We looked for the solution. We looked for the exercise. We found that Parts A and B are similar. We found out how they are different. We found an answer. We explained why it solves the problem.
41.	Teacher: So our general process for a solution will be a mapping of the problem, and then when it’s clear what the unknown is and what the givens are, we’ll have an example of each case on the answer sheets. [Teacher and students]: a case where x is unknown, a case where the slope is unknown, a case where the tangent is unknown. [Several students glance at the answer sheets.]
42.	Rali: Roughly as I guessed according to the drawing, this point [notes the values of the points] where a perpendicular tangent runs.
43.	Teacher: What did we gain from the drawing?
44.	Oriah: We understood which results were unlikely, for example, and we were able to estimate the solution.
45.	Teacher: Today we repeated lots of learning strategies: “How one learns from a worked example,” “Learning from obscure data,” “How to remember definitions that we’ve forgotten,” “Rules of drawing/sketching,” what one gains from making a drawing or a sketch, how to identify a problem that’s similar to a given one, et cetera.
46.	Batya [to the teacher]: Let’s solve some more.
47.	Yafit [to the teacher]: You said solving simple problems isn’t worth it.
48.	Rali: I’ve got a problem where the solution came out the way the book said even though I made a mistake on the way. It’s page 274, Problem 12.
49.	Teacher: Hani, read out the problem. 
50.	Hani: No. Teacher: There’s no “no.” I didn’t ask [you] to solve it. To read it out, you have to.
Summary of Scenario in Twelfth Grade
Table 1 below, mapping the situations by means of quotations, shows that the intervention principles exist as part of the learning process.

	Demonstrating the principle by means of a situation or a quotation 
	Intervention principles

	Line 4 (Raheli): Let’s draw the function and we’ll understand the problem.
Teacher: Excellent. Who’s ready to tell me how to draw y=x2?
	Explicit teaching of a range of heuristic situations that lead to a solution

	Students guide the teacher in drawing a symmetrical parabola in accordance with the y-axis, with its point placed at the beginning of the axes.
	Problems (drawing and enunciating a simpler problem)

	Teacher: What else should we draw?
Rali: The parallel.
According to [cutoff] points with axes.
	

	…
	

	Teacher: What will explain the question to us?
Rali: Let’s formulate a simpler problem, similar [to the current one].
Yafit: Let’s draw it.
Teacher: Shall we continue with the drawing that we’ve made?
Yafit: Let’s erase the parallel.
	

	Teacher [after the drawing on the board is over]. So let’s generalize everything we’ve done thus far. [Together with the students, she counts all the actions taken.]
Teacher: What did we gain from the drawing?
Oriah: We understood which results were unlikely, for example, and we were able to estimate the solution.
	Abstractionalizing the knowledge taught

	In this section, there is no explicit discourse about mapping the analogizing of problems.
	Analogizing problems 

	(Line 45) [Line 40]
We read the question. Avital found a derivative and a point. We drew the problem. We asked the questions of the problem. We drew again. We tried to understand what we were supposed to find. We recalled the relationship between parallel straight lines. What perpendicular straight lines are. We understood what had to be found. We searched for a similar problem. We looked for the solution. We looked for the exercise. We found that Sections A and B are similar. We found out how they are different. We found an answer. We explained why it solves the problem.
	Reflective thinking about each solution

	(Line 41)
So our general process for a solution will be mapping the problem, and then when it’s clear what the unknown is and what the givens are, we’ll have an example of each case on the answer sheets (a case where x is unknown, a case where the slope is unknown, a case where the tangent is unknown).
	Use of worked-example sheets 

	The teacher refers the students’ questions back to them.
Raheli: What’s that got to do with the question?
Teacher (to the class): What’s that got to do with the question?
Yafit: Part A has nothing to do with Part B.
Teacher: Part A has nothing to do with Part B?
	Students are involved in all learning processes in class.

	Batya [to the teacher]: Let’s solve some more.
Yafit [to the teacher]: You said solving simple problems isn’t worth it.
Rali: I’ve got a problem where the solution came out the way the book said even though I made a mistake on the way. It’s page 274, Problem 12.
Teacher: Hani, read out the problem. 
	The students dictate the pace of the lesson.

	Teacher: Avital, why do you relate only to the algorithm? What do you think I expect of you? What can represent the problem for you? (Turns to the class). What has happened that would explain the question?
	The solution begins by analyzing and understanding the problem.

	“So thanks to Hani, we learned to do away with another less-positive habit.…”
	In each scenario, learning takes place even from errors.

	Today we repeated lots of learning strategies: How one learns from an example, learning from hidden data, how to remember definitions that we’ve forgotten, how to draw, what we gain from making a drawing or a sketch, how to identify a problem that’s similar to a given one, et cetera.
	The teacher is responsible for summarizing cognitive and meta-cognitive processes (not as an oracle but as a mentor).

	(Lines 49–50) 
Teacher: Hani, read out the problem. 
Hani: No.
Teacher: There’s no “no.” I didn’t ask [you] to solve it. To read it out, you have to.
	The class is run on the basis of norms agreed upon in advance.


Table 1. Twelfth-Grade Lesson Scenario

How does the scenario represent progress toward solving a problem?
The table above shows how the intervention principles are applied in class in a way that allows the teacher to run the lesson spontaneously on their basis. It also indicates how a problem not solved as homework is solved through a group discussion in which each student adds an idea to the analysis and representation of the problem until the whole class arrives at the solution. In the scenario described, the teacher’s questions are geared neither to a solution nor to ideas for a solution; instead, they channel the students’ words so that the thoughts and ideas that they contain will allow the group discussion to progress effectively. Also, according to the scenario, progress toward attaining and understanding the solution is evident in the discourse of the students, who call attention to each other’s remarks and try to expand their ideas via those of their peers. The idea begins with the heuristic strategy of sketching the problem and continues with the same strategy. Even when a student suggests that the solution be derived from of a different heuristic strategy that they had learned—“Let’s work out a simpler problem, similar [to the present one]”—her peer suggests that they carry on with the same drawing and the teacher responds to the first heuristic idea. It appears that the heuristic strategies explicitly learned are manifested in the ideas that the students express.
Scenario B—A Probability Problem involving Balls and Boxes
The students are asked to solve a problem on their own. The task is taken from Gabi Yakuel’s book (2008, p. 652, Problem 3):

There are three boxes in front of you. There are four balls in each box: a red one, a black one, a white one, and green one.
One ball from each box is withdrawn in succession.
a. What is the probability that the order of the balls will be red, black, and white?
b. What is the probability that the balls removed will be red, black, and white but in a different order than in Part A?
c. What is the probability that all three balls extracted will be the same color?
d. What is the probability that the three balls extracted will be of different colors but that none of them will be white?
Figure 2. The “Ball Probability Problem” (11th grade)

Teacher: Let’s spend at least ten minutes working on our own.
Moran [erupts a few seconds later]: It’s like the “heh-dalet-samekh” problem.[footnoteRef:2]  [2:  A problem involving a cube on the corners of which the Hebrew word hadas is written, with the letters of which the word is composed, heh, dalet, and samekh, written twice on the six corners.] 

General description of the class: worked-example sheets are not handed out. The students do not ask for them. They thumb through their notebooks in search of a solution and a problem similar to the one they were given. They occupy themselves trying to understand the problem. They read individually or in couples, try to ask questions aloud, and attempt to respond briefly and quietly to questions asked around them. The teacher circulates among the students but does not respond to their comments. Only Lital asks the teacher to explain the problem. Several students announce that they have begun to draw the sample tree; others write quietly. Several pairs of students check each other’s solution. Some students ask the teacher questions in order to understand the difference between Part B and Part C. When the students announce that they have finished, they initiate a full-class discussion.
51.	Moran: It resembles the heh-dalet-samekh problem.
52.	Teacher: Are you sure? Does it resemble the heh-dalet-samekh problem? [The teacher addresses the second question to the class.] 
53.	Ronni: It doesn’t because heh-dalet-samekh is a cube with six corners that’s thrown three times, but here we have three boxes with four balls.
54.	Teacher: So?
55.	Ronni: It’s not the same sample space because the cases are different.
56.	Moran: That’s got nothing to do with it. I meant “resembles” in terms of the process used to solve it. We’ll make a tree or a table of events.
57.	Teacher: So let’s generalize. How should we decide what a sample space is?
58.	Ronni: Let’s understand one event and then by means of “or” and “also,” and maybe also to remember what’s assumed to be what: balls are assumed to be boxes.
59.	Teacher: Let’s discuss the answers. I took a walk around the class. I saw that some of you drew boxes with balls in them in order to understand the situation. Some of you searched for a similar problem, some by thumbing through your notebooks. Others asked each other questions aloud, like “Is this like the heh-dalet-samekh problem?”
60.	Teacher: Is it like the problem of the balls without the boxes?
61.	Shelly: One divided by four multiplied by itself three times. [Shelly’s response is an invitation to a solution; her initiative is to ask the teacher to stop talking about the problem and instead to solve it.]
62.	Teacher: A generalization?
63.	Lital: There’s one case that’s like that.
64.	Teacher: What is it?
65.	Shelly: One divided by sixty-four; that accounts for all the cases.
66.	Class: dictates all possibilities to the teacher in chorus.
67.	Teacher: Let’s do this systematically. What’s the strategy?
68.	Judy: To start [one][footnoteRef:3] operation, [calculate] all possibilities [for it] and move on to another color.  [3:  Explanations of the students’ remarks appear in brackets.] 

69.	[The students dictate the solution to Part C. The teacher writes on the board:]
70.	[A discussion develops regarding the solution to Part D.]
71.	Teacher [turns to Gitti and the class simultaneously]: What’s the probability of different colors apart from white?
72.	Shelly: Everything but white?
73.	Judy: It’s like Part B. Instead of white, as we had in Part B, now it’s green. “Different colors” is what’s written.
74.	Shelly: No.
75.	Lital: I did it.
76.	Ronni: Yes [responds to Shelly’s “no”].
77.	Shelly: Instead of the fourth, it’s like the third.
78.	Judy [to Shelly]: Why? You have four balls. You’ll always have four balls!
79.	Shelly: There aren’t four. There won’t be, because there’s no white. 
80.	Judy: They’re in the box! There will always be four. You don’t remove four.
81.	Shelly: So sixty-four will remain [in the sample space]. But the numerator will change on me.
82.	Judy: Only one thing is different: from white to green. That’s all. 
83.	Teacher: Lital, would you like to say something?
84.	Lital: Yes. I worked out all the probabilities that you can get from different colors: red, black, green.
85.	Teacher: Let’s connect what Lital said to what Judy said.
86.	Judy: Let’s throw the white one and add another probability to it. I think it’s like Part A.
87.	Teacher: What are the cases?
88.	Students [five in unison]: Six cases. [They call them out; the teacher writes on the board.]
89.	Judy [takes over the discussion]: I look at the problem and see that the color doesn’t matter. Instead, I have four balls and I choose three. So the number of cases is always the same. So this part of it isn’t new for me [calls out triumphantly].

Table 2 below, mapping the situations by means of quotations, shows that the intervention principles exist as part of the learning process.

	Demonstrating the principle by means of a situation or a quotation 
	Intervention principles

	Moran: […] I meant “resembles” in terms of the process used to solve it. We’ll make a tree or a table of events.
Lital: Yes. I worked out all the probabilities that you can get from different colors: red, black, green.
	Explicitly teaching a range of heuristic strategies for problem-solving (drawing, creating a table, using finish-to-start thinking)

	Ronni: Let’s understand one event and then by means of “or” and “also,” and maybe also to remember what’s assumed to be what: balls are assumed to be boxes (Line 40).
Judy: I look at the problem and see that the color doesn’t matter. Instead, I have four balls and I choose three. So the number of cases is always the same. So this part of it isn’t new for me. 
	Abstractionalizing the knowledge taught

	(Line 1) It’s like the “heh-dalet-samekh” problem.[footnoteRef:4] 
(Line 10) Is it like the problem of the balls without the boxes? [4:  Note 2 above. ] 

	Analogizing problems 

	(Line 10) 
Let’s discuss the answers. I took a walk around the class. I saw that some of you drew boxes with balls in them in order to understand the situation. Some of you searched for a similar problem, some by thumbing through your notebooks. Others asked each other questions aloud, like “Is this like the heh-dalet-samekh problem?”
	Reflective thinking about each solution

	(General description of the class). Worked-example sheets are not handed out. The students do not ask for them. They thumb through their notebooks in search of a solution and a problem similar to the one they were given. 
	Use of “worked example” sheets 

	The discussion focuses on questions and answers that the students give each other.
	Students are involved in all learning processes in class.

	(Lines 11–12)
Teacher: Is it like the problem of the balls without the boxes?
Shelly: One divided by four multiplied by itself three times. [Shelly’s response is an invitation to a solution; her initiative is to ask the teacher to stop talking about the problem and instead to solve it.]
	The students dictate the pace of the lesson.

	(Lines 1–6) [51–55?]
Moran: It resembles the heh-dalet-samekh problem.
Teacher: Are you sure? Does it resemble the heh-dalet-samekh problem? [The teacher addresses the second question to the class.] 
Ronni: It doesn’t because heh-dalet-samekh is a cube with six corners that’s thrown three times, but here we have three boxes with four balls.
Teacher: So?
Ronni: It’s not the same sample space because the cases are different.
	The solution begins by analyzing and understanding the problem.

	The teacher relates to Moran’s interjection about the similarity of this problem to the heh-dalet-samekh problem. Ronni corrects Shelly’s error about the sample space.
	In each scenario, learning takes place even from errors.

	(Lines 18–20) [67–68?]
Teacher: Let’s do this systematically. What’s the strategy?
Judy: To start [one] operation, [calculate] all possibilities [for it] and move on to another color. 
	The teacher is responsible for summarizing cognitive and meta-cognitive processes (not as an oracle but as a mentor)

	Teacher [turns to Gitti and the class simultaneously]: What’s the probability of different colors apart from white?
Shelly: Everything but white?
Judy: It’s like Part B. Instead of white, as we had in Part B, now it’s green. Write “different colors.”
Shelly: No.
Lital: I did it.
Ronni: Yes [responds to Shelly’s “no.”]
Shelly: Instead of the fourth, it’s like one-third.
Judy [to Shelly]: Why? You have four balls. You’ll always have four balls!
Shelly: There aren’t four. There won’t be, because there’s no white. 
Judy: They’re in the box! There will always be four. You don’t remove four.
Shelly: So sixty-four will remain [in the sample space]. But the numerator will change on me.
Judy: Only one thing is different: from white to green. That’s all. 
	The class is run on the basis of norms agreed upon in advance.


Table 2. Eleventh-Grade Lesson Scenario

How does the scenario illustrate the advancement of a problem-solving process?
The table above shows how the intervention principles are applied in class so that the teacher can run the lesson spontaneously on their basis. It also indicates how a problem-solving process looks when applied by students who have not been solving mathematical problems on their own thus far. After most of the class solved the problem, a discussion took place in which different levels of strategy were invoked— from an algorithmic one, in which Shelly shows the way to the solution, to the highest level, that expressed by Judy, who described in general terms problems that may be solved the same way. By scaling the individual case of the specific problem to a general one, Judy explained to the class the new component of the current problem relative to other sections of the problem and relative to similar problems that the class had resolved previously. The group discussion began with one student’s heuristic idea of comparing the problem to another similar problem that had been solved in the past and learning from the strategies applied then. As the discussion proceeded, the teacher made less meaningful remarks than did the students, who turned to each other and expressed important arguments about what should be done, the reasoning behind the recommended actions, and a general explanation that linked the operations to an understanding of probability.
Summarizing the Two Scenarios
These two scenarios exemplify lessons in which the intervention principles are applied. The two lesson segments instantiate two different occasions in the intervention period in each class. The twelfth-grade scenario describes a routine problem in differential algebra that the students were unable to solve on their own despite its simplicity. Intervention principles such as analyzing the problem, generalizing the idea, studying “worked example” sheets, and analogizing from the given problem to other problems that the class had previously solved promoted ideas toward the beginning of the solution that the students had not managed to conceive on their own. As the lesson continued and the problem was analyzed and represented in a sketch, many students understood the problem and even attempted to approximate a solution on the basis of the general sketch before writing a suitable algorithm.
The twelfth-grade lesson took place at the beginning of the intervention period. Although the students received worked-example sheets that included an explanation of how to solve problems such as the one given, they were still unaccustomed to studying the examples and investigating and attempting to solve the target problem by their means. In addition, they were exposed to many changes in class-management norms. The ideas they expressed in the discussion became the main ideas of the lesson. The teacher did not present ideas of her own; instead, she used them to help the students to implement ideas that they had expressed independently.
The eleventh-grade lesson took place in the last third of the intervention period. Here the students were tasked with solving a probability problem on their own. Most of the discourse centered on the idea of the similarity of this problem to other problems that the students had solved in the past. It began with Moran’s initial idea—likening the solution of the problem to that of the “heh-dalet-samekh” problem—and culminated with Judy’s ideas, which gave the class a lesson in generalization. Thus, every part of the question was scaled into a general question not necessarily related to the balls and the boxes, resembling other problems that the class had solved in the past. Judy captured this when she said, “I look at the problem and see that the color doesn’t matter. Instead, I have four balls and I choose three. So the number of cases is always the same. So this part of it isn’t new for me.” Judging by the information observed in class, it is plain that the main goal in applying the intervention principles was attained. All of the students were engaged in solving the problem. The discussion about the similarity of the class problem to another previously solved problem proceeded naturally. One could see that it was part of a routine process that the class experienced and also the first step the students took toward analyzing the problem. The norms in this class centered on attention to analyzing the problem, discussion and justification, sketching the situation set forth in the problem, and so on. The discussion in the eleventh-grade class, in terms of both asking questions and giving responses, took place among the students.
Although Tables 1 and 2 demonstrate the application of the intervention principles in both scenarios, the scenarios are not identical. In the twelfth-grade scenario, it is the teacher who instills the norms at the beginning of the intervention process. In the eleventh-grade scenario, the students run the class on the basis of norms that they had assimilated as inseparable parts of their learning at an advanced stage of the intervention. Also, the twelfth-grade scenario describes progress toward solving a problem that the students had tried to solve unsuccessfully; in the eleventh-grade scenario, the students discuss several ways to solve the same problem, from analysis up to generalization of the problem to future cases. Both scenarios portray real situations that took place in math classes in which weak students learned how to conduct a mathematical discourse that was meaningful to them by applying principles of intervention that the researcher chose.
Discussion and Conclusions
Presented above were two aspects of an answer to the following question: What theoretical principles are worth implementing in a mathematics class in order to promote autonomous math problem-solving skills among weak high-school students?
The first aspect of the answer presented the intervention principles as a finding of this study in its own right, pertaining to norms and standards of mathematics class culture for the development of independent learners in classes populated by weak students. This aspect focuses on teaching methods that the teacher should adopt in order to manage a mathematics class in which weak high-school students are involved in learning and developing problem-solving abilities.
In the second aspect, two lesson scenarios were observed, described, and analyzed. In both scenarios, it was found that the application of the intervention principles was a practical process for teaching in a class that encourages struggling students to solve mathematical problems.
Below I observe the results of the study in the context of previous research literature in the field. In both scenarios, the students used heuristic strategies to solve problems that they had studied and did so explicitly, naturally, and in a way that was suited to the problem in question. In the first scenario, a student proposed the heuristic strategy of producing a picture; from that point on, a solution to the problem evolved that included the addition of elements to the picture in accordance with the relevant mathematical ideas. It has indeed been found in the research literature that weak students learn from stronger peers who invoke heuristic strategies (Koichu, B., Berman, A., & Moore, M., 2007a, 2007b). Explicitly teaching a heuristic strategy and testing its implementation, however, has been overlooked in scholarship. The current study breaks new ground in this respect. Another novelty in this study concerns the creation of a set of principles (e.g., analyzing a problem, drawing analogies, analyzing a worked example, and thinking reflectively about a solution) that enhance student involvement in learning but leave it to the teacher to provide a reflective summary and organize the knowledge. According to Sweller (2016), the conscious mind is composed of five elements that range from storing knowledge to reorganizing it and tailoring it to new situations learned. The teacher’s awareness of this structure of the mind and of the difficulty encountered by students who have attention problems in organizing a summarizing scheme—if they can do it at all—induced her to organize and summarize processes together with the students, allowing the latter to retain this knowledge in long-term memory in a general schematic form and not as an isolated case. The current study presented principles for mathematics teaching that may promote the organization of mathematic knowledge in schemes composed of problem-solving ideas that can be tailored to other problems as well. The students in this study asked, investigated, responded, and performed mathematical operations in a way that Bass (2011) likens to the “doing of mathematics.” Bass stresses five actions in this “doing”: understanding or trying to understand processes and objects, extracting characteristics and defining them, finding patterns and structure, representing, and communicating about our understanding. 
All five elements were found in lessons based on the principles identified in this study. Thus, one may map these principles as promotive of the components of mathematical endeavor and even, perhaps, as stimuli for the existence of these elements. The current study also added two unique components to the doing of mathematics in a class of weak students: the teacher’s responsibility for summarizing cognitive and meta-cognitive processes, and the grounding of class discourse and interaction in permanent norms. The teacher’s awareness of running the lesson by means of principles that she has determined, and the way she manages the class, are critical for the students’ development of problem-solving processes. The direct guidance that the teacher provides at first in teaching heuristic strategies that comport with certain problems, and farther on by running the class in a way that allows students to equip themselves with problem-solving tools such as investigation, comparison and analogy with other problems, analysis of generalization or non-generalization, and application of heuristic strategies—these are the actions that lead to understanding of mathematical situations and promote problem-solving (Mason, 2008, 2019). The intervention principles identified in this study are suited to a mode of teaching that surpasses the guideline that Schoenfeld (1985) presented as a recommendation. In the current study, the teacher plays two important roles in encouraging the doing of mathematics that are reflected in applying the principles that Bass’ list overlooks. The first is the teacher’s responsibility for summarizing cognitive and meta-cognitive processes. Beyond being a facilitator, she manages the discussion in a way that invests it with meaningful reflective elements for problem-solving, and she is responsible for and aware of managing the class culture by invoking all the principles as norms. As a result of this awareness, she focuses on managing every discourse solely on the basis of these norms. Thus, if a student answers a question by offering a solution and not an explanation, the teacher does not let the discussion continue from that point; instead, she demands an explanation (as in Lines 61–62: Shelly, Line 61: “One divided by four multiplied by itself three times.” [Shelly’s response is an invitation to a solution; her initiative is to ask the teacher to stop talking about the problem and instead to solve it]. Line 62, teacher: “A generalization?”)
In the table that follows, one sees how the intervention principles promote the existence of the five components of the “doing of mathematics.”


	Example from the scenarios (quotation)
	Explanation
	Intervention principles 
	Aspects of the doing of mathematics

	Moran: It resembles the heh-dalet-samekh problem.[footnoteRef:5] Teacher: Are you sure? Does it resemble the heh-dalet-samekh problem? [The teacher addresses the second question to the class.] Ronni: It doesn’t because heh-dalet-samekh is a cube with six corners that’s thrown three times, but here we have three boxes with four balls. Teacher: So? Ronni: It’s not the same sample space because the cases are different. [5:  A problem concerning a cube at the six corners of which the Hebrew letters heh, daled, and samekh appear twice. ] 

	These principles related to students’ involvement in analyzing a problem, analyzing a worked example, abstractionalizing conclusions, and stimulating understanding or an attempt to understand processes and objects.
	Solving a problem begins with analyzing and understanding it; abstractionalizing knowledge taught; thinking reflectively about a solution; using worked example sheets; students’ involvement in all learning processes in class.
	Understanding or trying to understand processes and objects

	Teacher [turns to Gitti and the class simultaneously]: What’s the probability of different colors apart from white? Shelly: Everything but white? Judy: It’s like Part B. Instead of white, as we had in Part B, now it’s green. “Different colors” is what’s written.
	These principles relate to student involvement in analyzing factors that require understanding and definition of mathematical features, e.g., understanding proper procedure toward a problem in accordance with the abstractionalization or generalization of an idea
	Abstractionalizing knowledge taught; analogizing problems; explicitly teaching a range of heuristic strategies for problem-solving; involving students in all learning processes in class.
	Extracting characteristics and defining them

	Shelly: Instead of the fourth, it’s like the third. Judy [to Shelly]: Why? You have four balls. You’ll always have four balls! Shelly: There aren’t four. There won’t be, because there’s no white. Judy: They’re in the box! There will always be four. You don’t remove four. Shelly: So sixty-four will remain [in the sample space]. But the numerator will change on me. Judy: Only one thing is different: from white to green. That’s all. 
	Analogizing problems and comparing their components; analyzing a worked example, and thinking reflectively lead to mapping of problems and identifying their patterns and structure. Patterns such as: What is similar and why? Or “What steps do we take as we did in another problem, because the mathematical reality is the same?
	Analogizing problems; thinking reflectively about a solution; using worked-example sheets.
	Finding patterns and structure

	Teacher: What shall we sketch? Yafit: There’s no such thing, Let’s look for a perpendicular straight line. Teacher: Why? Yafit: Because it’s perpendicular to something. Teacher: Isn’t that great? Do you understand what Yafit is saying? There’s no universal ‘perpendicular’ straight line! This function can have an infinite number of perpendiculars. We’re in a peculiar situation here. Yafit: Perpendicular to a point. Rali: So for sure Part A has nothing to do with [Section] B. It’s a different point. [Walks back the doubt that she had expressed at Line 20.] Teacher: Fantastic! Prove it. 
	Mapping of analogies makes it possible to relate to representations of problems and applying heuristic strategies associated with representations, e.g., sketches, and learning from them about a problem, or to understand a mathematical concept by relating to a sketch.
	Analogizing problems; explicitly teaching a range of heuristic strategies for problem-solving.
	Representing

	Teacher: So our general process for a solution will be mapping the problem, and then when it’s clear what the unknown is and what the givens are, we’ll have an example of each case on the answer sheets. Rali: Roughly as I guessed according to the drawing, this point [notes the values of the points] where a perpendicular tangent runs. Teacher: What did we gain from the drawing? Oriah: We understood which results were unlikely, for example, and we were able to estimate the solution.
	Analogizing problems; thinking reflectively about the solution; explicit teaching of a range of heuristic strategies for problem-solving; involving students in all learning processes in class. 
	These principles require students to be involved, to think about their understanding of each stage in solving the problem, and to create a meaningful context between the solution and the problem.
	Communicating about our understanding
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