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[bookmark: _Hlk63338408]ThisIn this chapter, we employs theoretical modelling, theoretical formulations, and numerical simulations to identify semi-empirical relationships between the dynamic indentation modulus of viscoelastic films andto the dynamic modulus of film-substrate laminates. Accordingly, we proposeintroduce an analytical-experimental methodology that enables to back-calculation ofe the dynamic modulus of the pristine film from dynamic indentation measurements on the entirewhole laminate.
4.1 Viscoelastic film on an infinitely rigid substrate 
We consider a viscoelastic film of thickness  and dynamic (complex) modulus  overlays a rigid and massive substrate;  and  are, respectively, the storage and loss  moduli of the film,  is the modulus magnitude of the film, and  is the loss coefficient of the film. This film–-substrate laminate becomes indentedexperiences an indentation by a rigid axisymmetric tip that forms a circular contact area of radius  with the film (Figure 1a). The ratio  indicates the indentation state of the film;  represents narrow-contact indentations of an ultra-thick film;,  represents broad-contact indentations of an ultra-thin film;, and  represents moderate-contact indentations of a moderatmoderately e-thick film (Figure 1b–-c). At theseis indentation states, the laminate undergoes a refined  dynamic indentation testing that yields the dynamic modulus of the film–-substrate laminate, , where   and  are, respectively, the storage and loss elementsparts of the laminate modulus,  is the modulus magnitude of the laminate, and  is the loss coefficient of the laminate. To identify the relationships between the dynamic modulus of the film–-substrate laminate () and the dynamic modulus of the pristine film (), we conductedemploy dynamic indentation Finite Element simulations on film-substrate laminates with various film characteristics (thickness , modulus magnitude , and loss coefficient ), different tip shapes (spherical, conical, and flat), and different tip–film contract radii (). Briefly, (1) we applyInitially an initial indentation into the film is created and extracted the resultant contact area is measured. Next, ; (2) we generate additional and, much smaller, harmonic variations in the tip depth are created and extracted the resultant harmonic reaction force on the tip is calculated. ; (3) we calculate tThe amplitude-ratio and phase-shift between the harmonic force and depth signals of at the tip are calculated along with the and calculate the dynamic stiffness contact.; T(4) we use the fundamental formulations of indentation mechanics are then used to extract derive  from the contact complex stiffness and contact radius measurementses (see Appendix for additionalmore details).	Comment by Author: Address figure style	Comment by Author: Figure style?
[image: ]
Figure. 1. (a) Shows a schematic description of an dynamic indentation into a viscoelastic film (dynamic modulus , thickness ) overlayingys an infinitely rigid substrate. The model comprises a viscoelastic film. A rigid indentation tip penetrates the film region of the film–-substrate laminate and forms a circular contact area of radius  with the film. (b) This sSchematic illustration s ofshows indentation states of the film, indicated by the geometrical ratio of the film thickness, divided by the contact area radius (). H; ere the states are demonstrated illustrated by with a spherical tip. (c) Schematic illustrations of a certain indentation state,,  as achieved withby different axisymmetric tip shapes (from left to right: conical, spherical, and flat).
At Initially the first stage, we analyze the mechanical response of the laminate to a spherical indentation tip is analyzed along with nd analyze the variations in the resultant dynamic modulus of the laminate modulus, normalized by the film modulus magnitude (). This is calculated —for a range of indentation states parameters (), and selected film loss coefficients that span the typical range of viscoelastic materials () (Figure 2). The normalized storage and loss moduli of the laminate ( and ) substantially vary with the indentation state parameter (), and with the loss coefficient of the film () (Figures 2a–-b). Both  and  diverge toward , monotonically decrease as  increases, and approach asymptotically to the film characteristics for , ;namely,   and . Additionally, the loss coefficient of the film () distinguishes the varying results of  (or ) from one another, withwhere the ratio between data sets with different  values preserved along the entire  range. Next, we express the results in Figures 2a–-b are expressed by as the normalized modulus magnitude of the laminate () (Figure 2c), for which all data sets coincide into a single form that is characterized by an indentation shape function :
               	(1)
In At the limit of  , the indentation state corresponds to that of a semi-infinite film, for which the laminate modulus approaches to that of the pristine film, , and the indentation shape function approaches unity, .; Atin the limit of , the indentation state corresponds to that of a semi-infinite rigid substrate, for which the laminate modulus approaches to that of the rigid substrate, , and the indentation shape function approaches zero, . To complement these observations, we express the results in Figures 2a–-b are expressed asby the loss coefficient of the laminate, normalized by the loss coefficient of the film ().; Tthis loss coefficient ratio equals unity for all  ranges analyzed:
             	(2)
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Figure. 2. The dynamic modulus of laminates ofwith viscoelastic films and rigid substrates. Variations in the normalized laminate modulus () for a range of indentation states parameters (), and selected film loss coefficients (). Symbols indicate the FE results, and the lines indicates their analytical fitting. (a)  ratio (b)  ratio (c)  ratio and  ratio. Note the logarithmic scale in the horizontal axis.
At During the next stage of analysis, we extend the FE dynamic indentation analysis of the laminate is extended to other tip geometries (conical and flat). The results are , combined them with the former results for spherical tips, and plot the variations in the film-to-laminate modulus magnitude ratio and loss coefficient ratio,   and , are plotted with the indentation state parameter  for the entire data set (Figure 3). Consequentially, it is possible to determine , we identify that the loss coefficient of the laminate equals to that for of the film,  , regardless of the specific tip geometry and the indentation state parameters.  parameter; we also identifyIt is also possible to conclude that the specific tip geometry has only a minor effect on the indentation shape function is only minorly affected by the specific tip geometry, and can be expressed analytically via Weibull’s function:
       ;        and                 	(3)
By combining the above outcomes, we draw the following relationship between the dynamic modulus of the film-substrate laminate () and the dynamic modulus of the pristine film () can be derived:
               	(4)
[bookmark: _Hlk64391805]Practically, Equation. (4) indicates that an unknown film dynamic modulus can be directly extracted from a conventional dynamic indentation testing of the film–-substrate laminate, simply by linear scaling of the resultant laminate dynamic modulus via the indentation shape function . We elaborate on tThis aspect is subsequently explored in more detail later in the context of viscoelastic film on an elastic substrate.
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Figure. 3. The dynamic modulus of laminates with viscoelastic films and rigid substrates for different axisymmetric tip shapes. Variations in the film-to-laminate modulus magnitude ratio and loss coefficient ratio,   and   for a range of indentation states parameters (), and representative film loss coefficient, . The dynamic modulus is ; analyzed for a viscoelastic film on an infinitely rigid substrate, with different tip geometries (spherical conical and flat). Symbols indicate the FE results, and the lines indicates their analytical fitting for the indentation shape function, .
4.1 Viscoelastic film on an elastic substrate
4.1.1 Theoretical modeling and analytical relationships
We now turn to examineWe now consider a viscoelastic film of thickness  and dynamic modulus  overlayings an elastic substrate of elastic modulus . We model tThe mechanical response of this viscoelastic–elastic laminate is modelled as a pair of springs in a series. —aA complex spring for represents the film, followed by an elastic film to for the substrate, and —weighted by the indentation shape function  (Figure 4). Accordingly, we link the laminate dynamic modulus  is linked to the film dynamic modulus  and to the substrate elastic modulus  applyingvia the weighted inverse rule-of-mixtures: 	Comment by Author: 	Comment by Author: Consider writing: Modeling the system as two springs, each representing a single layer of the bi-layer material, one soft, one hard, both connected and adjacent to one another. Alternatively, is “in a series” needed?
               	(5)
Notably, Eq. (5) approaches the physical limits of  for  (semi-infinite film) and  for  (semi-infinite substrate), and degenerates into Eq. (4) for  (an infinitely rigid substrate). To obtain explicit analytical relationships between the storage and loss moduli of the laminate, to with the storage and loss moduli of the film and the elastic modulus of the substrate, we substitute  and    is substituted into Eq. (5), separated into real and imaginary parts, and solved for , and .  Tthat yields:.
	(6)
	(7)
Then, we divide the nominator and denominator of Eqs. (6-7 is divided) by , extract  is extracted from the nominator of Eq. (6), extract  is extracted from the nominator of Eq. (7), and the equations are refigured asarrange them into  the following: 
	(8)
	(9)
with
	(10a)
	(10b)
Next, we proceed to express the analytical relationships between the modulus magnitude and loss coefficient of the laminate, the modulus magnitude and loss coefficient of the film, and the elastic modulus of the substrate . Firstly, we introduce Eqs. (8–9) are incorporated into , identifying that  , and apply some algebra, yieldingwhich yields:
	(11)
Secondly, we introduce Eqs. (8-9) are incorporated into , yieldingwhich directly yields:
	(12).
Thirdly, we express Eqs. (10a–10b are expressed) via  and , and apply some algebra, yieldingwhich yield:
	(13a)
	(13b)
[image: ]
[bookmark: _Hlk63083721]Figure. 4. Viscoelastic film (dynamic modulus , thickness ) overlayings an elastic substrate (elastic modulus ) and —modeled as a pair of springs in a series. 
To analyze the validity of the theoretical relationships in Eqs. (8–13), we extend our  FE analysis is extended to for laminates of films and elastic substrates, —indicated via the film-to-substrate modulus ratio  (see Aappendix for details). We analyze the vVariations in the laminate storage and loss moduli ( and ), and the laminate modulus magnitude and loss coefficient ( and ) are analyzed for a range of indentation states of the film (), as well asand a set of film-to-substrate moduli (), and two film loss coefficients ( and )  (Figures 5–6). We plot tThe FE results for the normalized laminate storage and loss moduli ( and ) are plotted together with the analytical predictions of Eqs. (8–9) (Figure 5a–5b for ; Figure 6a–6b for ). T, and we plot the normalized laminate modulus magnitude () and normalized loss coefficient () are also plotted with the analytical predictions of Eqs. (11–12) (Figure 5c-5d for ; Figure 6c-6d for ). ; Ffor all calculations we appliedused the shape function in Eq. (3), and the  and  expressions in Eqs. (13a–b). Notably, the proposed spring -series model and its resultant theoretical relationships are consistentagree well with the FE results for the entire parameter–range analyzed. For   all parameters of the laminate dynamic modulus lieay closely to that of the asymptotic, infinitely rigid substrate case, and only small differences are observed below . As  increases, the effect of the elastic substrate becomes more pronounced, yieldingwhich yields a progressive reduction in , , , and  along the entire  range compared withto the case of an infinitely rigid substrate.; Tthis effect is more proeannounced for smaller  ratios (e.g., thin-film laminates) and becomes minor for high  ratios (e.g., thick-film laminates). The case of  represents a special laminate configuration, in which the film modulus magnitude equals to that of the substrate elastic modulus. In this configuration, the laminate loss modulus and loss coefficient are extremely sensitive to variations in the indentation state parameter ().; Sspecifically, withfor ultra-thin films () the loss coefficient of the laminate becomes much smaller to than that of the film, , and accordingly, the viscosity effects of the laminate become negligible, such that  , and .  	Comment by Author: style
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Figure. 5.  The dynamic modulus of laminates with viscoelastic films and elastic substrates; showing theoretical modeling vs. FE simulations. Variations in the normalized laminate storage and loss moduli ( and ), and the laminate normalized modulus magnitude and loss coefficient ( and ) for a range of indentation states of the film (), as well asand a set of film-to-substrate moduli (), and film loss coefficients . Symbols indicate the FE results, and the lines indicates the analytical predictions. Note the logarithmic scale oin the horizontal axis. (a)-b)  and (b)   ratio. The full and dashed lines and dashes indicate the analytical results of Eqs. (8–-9) and (15–-16,) respectively. (c)-d)  and (d)  ratio. The full and dashed lines and dashes indicate the analytical results of Eqs. (11–-12) and (17–-18,) respectively.
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Figure. 6. The dynamic modulus of laminates with viscoelastic films and elastic substrates showing; theoretical modeling vs. FE simulations. Variations in the normalized laminate storage and loss moduli ( and ), and the laminate normalized modulus magnitude and loss coefficient ( and ) for a range indentation states of the film (), and a set of film-to-substrate moduli (), and film loss coefficients . Symbols indicate the FE results, and the lines indicates the analytical predictions. Note the logarithmic scale oin the horizontal axis. (a)-b)  and (b)  ratio. The full and dashed lines and dashes indicate the analytical results of Eqs. (8–-9) and (15–-16,) respectively. (c)-d)  and (d)  ratio. The full and dashed lines and dashes indicate the analytical results of Eqs. (11–-12) and (17–-18,) respectively.
4.1.2 Simplified analytical relationships
Now, we focus ourThe analysis now focuses on viscoelastic films with loss coefficients on in an order of magnitude of , as commonly appears in viscoelastic materials, —and incorporatesemploy analytical approximations into Eqs. (8–9 and , 11–13) to identify simplified expressions for the laminate dynamic modulus. In this framework, we use the approximation is, used and incorporating reduce  and  in Eqs. (13a–b) yieldsinto:
           ;             ,           	(14 a, b, c)
With these expressions, the laminate storage and loss modulus Eqs. (8–9) are reduced into:
	(15)
	(16)
Accordingly, we introduce Eqs. (14a–c are incorporated) into the laminate modulus magnitude and loss coefficient expressions in Eqs. (11–12), employ and an analogous approximation for the root term is employed in Eq. s. (11) to , and obtain:
	(17)
	(18)
Notably, with these approximations, we identify that all dynamic modulus characteristics of the laminate ( and ) directly link to the corresponding characteristics of the film ( and ) via linear scaling. This— which relationship depends only on the indentation states parameter () of the laminate, and the film-to-substrate modulus ratio (). For an increasing substrate stiffness, the   decreases, and the effect of the substrate modulus on the laminate dynamic modulus decreases.; Iin the asymptotic case of an infinitely rigid substrate () the effect of substrate modulus on the laminate dynamic modulus vanishes, , and Eqs.  (17–18) degenerate into the relationships of revealed in Eqs. (1–2). 
To verify the adequacy of the approximated formulae in Eqs. (14–18), we plotted their predictions were plotted with those of the corresponding non-approximated expressions in Eqs. (8–13), and with the FE results above —for a range indentation states of the film (), and as well as a set of film-to-substrate moduli (), and two film loss coefficients ( and ) (Figures 5–6). Evidently, for  , the approximated formulae in Eqs. (14–18) closely follow the full expressions and the FE simulations with only slight deviations for  ratios (Figures 5); for  the approximate expressions coincide with the full expressions and are consistentagree well with the FE simulations (Figures 6).
Functionally, the storage modulus ratio  from Eq. (15) indicates the energy storage capabilities of the laminate, relative to that of the pristine viscoelastic film., and tThe loss modulus ratio  from Eq. (16) indicates the energy dissipation capabilities of the laminate, relative to that of the pristine viscoelastic film.; we explicitly formulate Tthese ratios are expressed as follows, and an analysis ofze their variations with the indentation state parameter through the shape function , and with the film-to-substrate modulus ratio () is shown (Figures 7):
	(19)
	(20)
For ultra-thick films  , both and  approach unity, and the laminate energy storage and energy dissipation capabilities correspond to that of the pristine film. For ultra-thin films , the storage modulus ratio yields  that which approaches to  for , indicatingand indicates that the energy storage of the film within the laminate is amplified by the substrate-to-film modulus ratio. A; accordingly, the loss modulus ratio yields  that which approaches to zero for a finite-modulus substrate when , and indicates that the energy dissipation capabilities of the film within in the laminate vanishes. The storage modulus ratio  monotonically decreases from  toward unity as  increases.; Ffor the specific case of , the  ratio equals unity for the entire  range. The loss modulus ratio  increasesrises from zero and approaches unity as  increases, and possibly reaches an extremum in between— these values. Itwhich itss location and magnitude depend on the  ratio. To identify the characteristics of this extremum, we derive require zero for its the derivative, , yieldingwhich yields the that:
       	(21)
where  is the shape function value that yields theis extremum:
 	(22)
Notably, by introducing the constraint for the maximumal possible value of the shape function , we identify that an extremum can be achieved only with a film-to-substrate modulus ratio that satisfies . Finally, by incorporatingusing the explicit analytical form of the shape function from Eq. (3) into Eq. (18), we findidentify that the extremum is reached for an indentation shape parameter of:
               ;        and   	(23)
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Figure. 7. The storage and loss moduli of laminates with viscoelastic films and elastic substrates. Variations in the storage modulus ratio () and the loss modulus ratio (), for a range indentation states of the film (), as well asand a set of film-to-substrate moduli (), and film loss coefficients . The sSymbols indicate the FE results, and the lines indicates the analytical predictions. Note the logarithmic scale oin the horizontal axis. (a)  ratio. The lines indicate the analytical results of Eq. (19). (b)  ratio. The lines indicate the analytical results of Eq. (20).
4.2  Extracting the film dynamic modulus via dynamic indentation testing of a film-substrate laminate
With the analytical relationships shown in Eqs. (14–18), we approach to set analytical relationships are used to extract the modulus magnitude and loss coefficient of the film ( and ) from the corresponding parameters of the laminate ( and ) that are directly obtained from its dynamic indentation measurements. First, we substitute Eq. (14a) is substituted into Eq. (17,) which is , and explicitly expressed it as follows:
	(24)
Then , we use some algebra on Eq. (24 is manipulated) to express  as a function of, , and , yieldingwhich yields:
              ;        	(25)
Next, we isolate  is isolated from Eq. (17) and expressed it via Eq. (25 as):
	(26)
Then, we introduce the relationship in Eq. (26 is introduced) into Eq. (18), and express  is expressed as a function of, , , and :
              ;        	(27)
Eqs.  (25, 27) show that the film–laminate modulus magnitude and loss coefficient characteristics,  and , link via linear scaling; the scaling factors,  and , depend only on the laminate-to-substrate modulus ratio (), and on the shape function that links to the indentation state parameter of the film ()). Specifically, when the laminate-to-substrate modulus ratio is sufficiently small (e.g., ), the denominators of  and  approaches unity, and Eqs. (25, 27) further simplify into  and . This –which corresponds to the results of a laminate with an infinitely rigid substrate, as shown in Eqs. (1, –2). Notably, as  and  are nondimensional, the  and  relationships in Eqs. (25, 27) are independent of the absolute moduli magnitudes of the film and substrate. Thus, they e— and are thus generally applicable for the broad dimensional range of laminates with mechanical characteristics, i.e., from highly rigid to substantially compliant, and from nearly elastic to prominently viscous.
To verify the linear relationships in Eq. (25, 27), we performedapplied FE simulations with a wide range of input film and substrate moduli, film thickness parameters, and different axisymmetric tip geometries (conical, spherical, and flat), )—and plotted theirthe resultant pairs  pairs (Figure 8), and  pairs (Figure 9). For each simulation model, we extracted the indentation contact area radius (), the laminate modulus magnitude () and the laminate loss coefficient () were identified and measured. — and identified tThe shape function value was then identified applyingvia the indentation state parameter and the , resultant the laminate-to-substrate modulus ratio (). Then, we calculated the film -laminate scaling factors ( and ) were calculated and plotted the theoretical relationships in Eqs. (25, 27 were plotted ) with direct results for the , and  pair sets from the numerical simulations (Figures 8–9). They —which show excellent strong correspondence for the entire range of input parameters analyzed. 
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Figure. 8. The  relationships for laminates at various indentation states (), shown for , and . The sSymbols indicate the FE results, and the lines indicates the analytical results of Eq. (25) for each parameter group (i.e., ,  and ). (a)  relationships shown for . (b)  relationships shown for .
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Figure. 9. The  relationships for laminates at various indentation states (), shown for . The sSymbols indicate the FE results, and the lines indicates the analytical results of Eq. (27) for each parameter group (i.e., , and ). (a)  relationships shown for . (b)  relationships shown for .
Having validated the film–laminate relationships in Eqs. (25, 27), we can propose the following analytical–experimental methodological approach can be proposed to back-calculate the film dynamic modulus from dynamic indentation measurements on the laminate:. 
Step 1: Use microscopey observations to identify the thickness of the film within the laminate (). 
Step 2: Use mechanical testing (or literature data) to determine elastic modulus of substrate within the laminate (). 
Step 3: Apply standard dynamic indentation testing on the laminate, identify the tip-film contact radius (), and extract the modulus magnitude and loss coefficient of the laminate ( and ). 
Step 4: Calculate film -laminate scaling factors ( and , via Eqs. (25, 27)), and use them to back-calculate the film modulus magnitude and loss coefficient (via , and ). 
Practically, the estimations of  and  typically incorporate a certain deviation range , which arises from resolution limitations of the microscopy analysis, from measurement errors of the contact radius, and measurement errors of the mechanical testing, such that , and .  Accordingly, the film -laminate scaling factors also include deviation ranges, , and , such that  and , where:
              	(28)
              	(29)
To identify these deviations, we calculated the first-order differentials of Eqs.  (25, 27 were calculated:), namely
 , and . 
They are, and expressed them analytically ass follows:
                           	(30)
                       	(31)
Notably, when the film modulus magnitude approaches the substrate elastic modulus (), the  deviations reduce into  
Meaning that t, namely they are  insensitive to  deviations. 
Moreover, for ultra-thin films (), the  and  deviations further simplify into:
 , and .
Thus, they, too,, they are are insensitive to  deviations. 
Appendix. Finite Element simulations of dynamic indentations of laminates with viscoelastic films overlaying rigid and elastic substrates 	Comment by Author: it is not clear why there is an appendix here and a separate appendix – please clarify. There are many sections that have been edited and it is not entirely clear how they fit together.
We analyzed the dynamic indentation response of laminate with viscoelastic films overlaying rigid or elastic substrates via using commercial FE software ABAQUS/explicit (ver. 6.19) [D5–-D6]. Perfect binding conditions were assumed between the discrete material phases. The bottom face of the phased model was fixed, while the lateral faces were kept free from mechanical loads. In addition, an axisymmetric boundary condition was applied to the model axis. The outer surface area of the indenter was also fixed in the plane perpendicular to the force line of action, such that the indenter was unable to move or rotate horizontally. The model dimensions were chosen to be sufficiently large to avoid undesired effects by from the boundary conditions. A fFrictionless contact between the indenter and the layered model wasere considered. The simulations included two loading steps:, an initial quasi-static indentation (DC step), followed by an additional dynamic indentation (AC step). For the DC step, a quasi-static two-dimensional indentation models were used to analyze the indentation behaviour of the laminate (Ffigure 1a and Ffigure 4). Due to rotational symmetry in loading conditions and structure, only half of the composite system was modelled. The tip was modelled as a perfectly rigid element (spherical, conical and flat punch shape). The laminate was modelled as a two-dimensional solid, composed of two material regions, substrate, and film, composed of. The two regions were isotropic materials with an elastic, –perfectly plastic constitutive behaviour. We modeled the mechanical response of the substrate and the film, respectively, according tovia their indentation hardness parameters  and . The hardness-to-modulus ratios  and  characterize the onset of indentation damage in the substrate and film, respectively. A; as universally observed across a diversity of biomaterial-science studies, these ratios  [Lebonet, Miserez- Property maps for abrasion resistance of materials]. Axisymmetric mesh elements were used and (realized via axisymmetric, four4-node, reduced integration quadrilateral elements with hourglass control; ( CAX4R in the ABAQUS element library). In the analysis of the film on a rigid substrate, the upper edge of the substrate was fixed. Non-uniform segmentation, with a finer mesh in the vicinity of the indentation regime,, was used to increase the solution accuracy at in the region of interest. Mesh convergence was pre-analyzed to estimate the required mesh parameters. To incorporate nonlinear effects of large deformations and plasticity, we employed adaptive meshing (ALE method) was employed to reduce element distortion effects. From each quasi-static simulation, the contact force was recorded in order to extract the contact radius () at the point of maximum depth. For the AC step, linear-elastic constitutive behaviour was consideredused for the substrate material, while frequency domain viscoelastic constitutive behaviour was used for the viscoelastic film. Axisymmetric mesh elements were used and (realized via axisymmetric, four4-node, quadrilateral elements with hybrid formulation (; CAX4H in the ABAQUS element library). The element in contact (extracted using the contact radius from the DC step) were was loaded by a uniformly distributed axial harmonic displacement with fixed amplitude (), which accommodates the use of a direct-solution steady-state dynamic analysis. From each harmonic simulation, the real and imaginary parts of the reaction force () were recorded in order to extract  and  from of each composite system. Specifically, the dynamic indentation modulus of the laminate is calculated usingvia  [*]. Note that the modulus magnitude of the laminate is the magnitude of  (namely, ), while the loss coefficient of the laminate is obtained by dividing the real and imaginarye parts of  (), which is the ratio between the loss modulus and storage modulus. The storage and loss moduli of the laminate is obtained from the real and imaginary e parts of  (namely, ).
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