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Features of Digital Tools Utilized in Mathematical Modeling Process
Abstract
The modeling approach is used to prepare students to become responsible citizens and face the challenges and demands of modern times, mainly when they engage in modeling activities using digital tools. This study investigates the features of digital tools used in modeling processes among prospective teachers. Thirty-two prospective mathematics teachers participated in this study, and data were collected from video recordings of their participation in three modeling activities involving digital tools. The study’s findings show that in the first activity, most of the groups of participants used digital tools in the mathematical aspect of the modeling processes. However, in the final activity, participants used digital tools throughout most of the modeling processes. The findings also show that the level of digital tool utilization was neither dependent on time nor a specific activity. However, the average level of utilization of digital tools illustrates that changes did indeed occur between the first and the last activities in most of the modeling phases/actions. These changes in the utilization of digital tools rely on the complexity of the digital functions being used. This means that the participants changed how they used digital tools, shifting from using them at a basic level to using the more sophisticated functions found in digital tools. 
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Introduction
Modeling is defined as a process of developing representative descriptions for specific purposes in specific situations (Lesh & Lehrer, 2003, p. 109). Mathematical modeling, more specifically, is defined as the translation of a problem into a mathematical form to solve real-world problems and then test them in real-world contexts (Haines & Crouch, 2007). This process includes different stages (Stillman et al., 2007). The modeling approach involves hypothetical situations in realistic contexts where the information described is partial, vague, or undefined (Schukajlow et al., 2023). Such engagement in modeling activities leads participants to recognize the role of mathematics as a tool for interpreting reality and invites them to see the connections between mathematics and the real world (XXX, 2017). The modeling approach to learning and teaching mathematics focuses on the process of mathematizing real-world situations for learners (English & Fox, 2005) to prepare students to become responsible citizens and meet the challenges and demands of modern times (Lesh & Doerr, 2003). This is strongly advocated by the Organization for Economic Co-operation and Development (OECD) in the Program for International Student Assessment (PISA) study, which assesses students’ mathematical literacy (Cai et al., 2014). In addition, since technology has become an essential aspect of our daily lives, it has created new demands in the workplace that require integrating technology on multiple scales (Hoyles et al., 2010).
The use of digital tools is thus essential to the study of problem-solving more generally (Weber & Leikin, 2016) and modeling activities more particularly (English et al., 2016). Indeed, engaging in modeling activities using technology has improved technological literacy, considered a necessary 21st-century skill (Utami & Wilujeng, 2020). Various technological digital tools are used in modeling, including GeoGebra (see Greefrath & Siller, 2018), spreadsheets (see XXX, 2015), computer algebra systems (CAS) (see Geiger et al., 2010), and other software programs such as MatLab (see Jessen & Kjeldsen, 2023). English and others (2016) emphasize the need to investigate and monitor the complexity of integrating such technological digital tools in modeling activities. They also stress the need for integrated research to examine what modeling processes are affected by using digital tools such as GeoGebra and spreadsheets and to what extent. 
Several studies have examined the use of digital tools in modeling activities and have explored how and when digital tools are used throughout the various modeling processes. Stillman and her colleagues (2007) reported that technology is integrated into all phases/actions of the modeling process. They offered a framework based on analyzing the transitions between various stages within the modeling process and the corresponding cognitive activities to facilitate the successful performance of mathematical modeling with technology. They illustrated their framework with one activity that detailed each transition. Later, Geiger and his colleagues (2010) examined the use of technology over one year. They also reported that technology emerged throughout all phases/actions of the modeling process. However, their focus was on interaction through the classrooms and not on how the use of digital tools changed over time. XXX (2015) detailed the different types of using digital tools throughout the modeling process. However, their study focused solely on one activity. Similarly, Greefrath and Siller (2018) also used a single activity to examine GeoGebra’s support for and integration of modeling processes. Likewise, Villarreal and her colleagues (2018) reported on the modeling stages in which technologies were used, with a focus on the final projects of their participants. Therefore, there is a need to investigate changes in the use of digital tools across multiple activities and conduct in-depth analyses of how digital tools are employed in the various stages of the modeling process.  
The current study focuses on prospective teachers, aligning with the recommendation put forth by Niss et al. (2007) to incorporate modeling activities and technology-based modeling activities into teacher education programs. This is why courses based on the modeling approach have been developed worldwide (Cai et al., 2014), which helps prospective teachers understand modeling and later incorporate modeling activities into their classes (Kaiser & Maaß, 2007). Fostering teachers’ competencies in modeling and knowledge of the modeling approach is an essential component of teacher education (Alwast & Vorhölter, 2022). Developing prospective teachers’ modeling knowledge is often accomplished by engaging them in modeling activities as learners (XXX, 2018).

Theoretical Background
Using digital tools in mathematics education	Comment by Elysium Editing: Depending on referencing/ formatting system in use – should this heading be in bold? The subsequent sub-headings in this section are in italics. .
Using digital tools in mathematics education can enhance teaching and learning opportunities (Hilton, 2018; Shin, 2022). Digital tools can help expand analytical activities within mathematics, which leads to the development of conceptual understanding and improves learners’ ability to express mathematical solutions effectively (Drijvers et al., 2013; Geiger & Redmond, 2013; Jacinto & Carreira, 2017) and foster student engagement (Cevikbas & Kaiser, 2022). Instrumental genesis is the term for a relationship between the user and the artifact, and covers both instrumentalization and instrumentation. The process of instrumentalization involves discovering and utilizing an artifact’s functionalities through practical learning, while instrumentation involves developing mental models and strategies for effectively using the tool from a cognitive aspect (Haspekian, 2014; Artigue, 2002). For instance, a recent study focusing on geometry explored how students’ use of “dragging schemes” can influence their understanding and utilization of geometric properties, creating a feedback loop in their cognitive processes (Pittalis & Drijvers, 2023). Another study focusing on solving equations and related word problems in algebra showed that students developed schemes for algebraic substitution, intertwining technical skills, and conceptual understanding(Jupri et al., 2016). Also, in statistical modeling, Van Dijke-Droogers et al. (2021) found that techniques in TinkerPlots enabled students to uncover patterns, facilitating a shift in the understanding of statistical modeling concepts and vice versa, deepening their exploration of digital techniques.	Comment by Elysium Editing: The terms “learner” and “student” are both used throughout the document – for consistency and clarity one term could be chosen and used throughout. For instance – “learner  engagement” in the next line.	Comment by Elysium Editing: For multiple sources in one set of brackets, please order the sources alphabetically.	Comment by Elysium Editing: I replaced this with et al, because of the way this sentence is structured. Where an in-text citation containing a publication date directly follows two or more author names, et al should be used. For the sake of consistency, this should be corrected throughout the text.
Modeling processes and cycles 
The modeling approach emphasizes the process of learning and teaching mathematics, shifting from viewing it as the product of finding a solution to a particular problem to a process of creating a model that generates a system of relationships that is generalizable and reusable (Doerr, 2003). in solving modeling problems, learners go through multiple cycles of modeling processes (English & Fox, 2005). The term ‘modeling cycle’ refers to the cyclic nature of the modeling processes, including the description, prediction, and translation of data and products (Lesh & Doerr, 2003). The literature on this topic offers different ways to describe a modeling cycle (see Borromeo-Ferri, 2006). This study adopts the modeling cycle definition proposed by Blum and Leiß (2005), widely accepted among many scholars (see Kaiser, 2007). This modeling cycle organizes modeling processes into phases/actions. The following is a brief explanation of these phases/actions. 
[bookmark: _Hlk160787216]According to Blum and Leiß (2005), actions include (1) understanding and simplifying the situation; (2) presenting a real model; (3) working mathematically to construct a mathematical model; (4) producing mathematical results by applying the mathematical model; (5) providing a realistic interpretation of the mathematical results; and, lastly, (6) verifying the actual results according to the actual situation. These actions then lead to phases that comprise (a) a situational model that includes the mental representation of the situation, which depends on the mathematical thinking style of the modeler; (b) a real model that includes external representation to understand the situation; (c) a mathematical model that includes formulas and mathematical work with no reference to reality; (d) mathematical results that are obtained from applying the mathematical model; and, finally, (e) real results that are obtained from interpreting the mathematical results according to the real situation. 
[bookmark: _Hlk160796358][bookmark: _Hlk160878725][bookmark: _Hlk160878789]Different researchers (e.g., XXX , 2015; Greefrath, 2011; Greefrath & Siller, 2018) used Blum and Leiß’s modeling cycle to present the modeling process through engagement in modeling activities utilizing digital tools. They indicated digital tools could be used in different stages of the modeling process. In order to complete any modeling process, modelers need modeling competencies (Maaß, 2006). Stillman et al. (2007) proposed a list of modeling and technological competencies required to transition between modeling phases while engaging in modeling activities with digital tools. These include, for example, choosing technology to automate the application of formulae to multiple cases, produce a graphical representation of a model, and verify an algebraic model using technology. 	Comment by Elysium Editing: In-text citation incomplete – please insert the author last name.	Comment by Elysium Editing: M:

Regarding the use of the German character (eszett) instead of a double s - My research on the use of these characters in  English-language texts said: “While it was once more common, the German spelling reform in 1996 made it acceptable to use "ss" instead of "ß" in various cases. Nowadays, correct German spelling typically only requires the eszett after long vowels and diphthongs” The character is only used in German texts, so strictly speaking Leiß should be Leiss I don’t know if you would like to suggest this change to student – there are a few throughout the text.	Comment by Elysium Editing: For the sake of consistency, please follow the US spelling for modeling throughout the document.	Comment by Elysium Editing: You can use bullet points to present information in a vertical list, this often makes it easier easier to read and understand. 

This section will then look like this-

These include, for example, choosing technology to:         
 Automate the application of formulae to multiple cases 
 Produce a graphical representation of a model 
 Verify an algebraic model using technology 

 There are more horizontal lists in the document and while this is not incorrect, sometimes it’s easier to read a vertical list. You could consider using a vertical list format to present this type of information. 
Please note the use of capitals at the start of bullet points and the lack of punctuation after the points. Punctuation will only be needed for full sentences. 

Engaging in modeling activities by using digital tools
Several research studies reported on the potential of digital tools from different perspectives in modeling. Cevikbas et al. (2023) emphasized—through their review of 38 studies—the advantages of employing digital tools in mathematical modeling education, by examining different perspectives: emotional/psychological, pedagogical, cognitive, and social. Using digital tools with modeling facilitates model interpretation, decision-making, and validation, shifting the focus from mere calculations to strategic model planning and execution (Geiger, 2011; Greefrath et al., 2018). For example, GeoGebra supports students in modeling activities by creating, applying, and adopting mathematical and scientific models to interpret and predict real-world problems (Villamizar et al., 2020) and enhances understanding of mathematical concepts (Jessen & Kjeldsen, 2023). Also, spreadsheets support students in building technological models that answer the modeling activity demand (Arzarello et al., 2012; XXX, 2015) and support students in dealing with modeling activities with multiple variables and managing large data sets (Kreckler, 2017). The Internet could also be an advantage in developing mathematical modeling projects (Borba et al., 2016). More specifically, some studies specified the function of digital tools used in different stages of modeling; such as drawing, measuring and constructing by using Geogabra (Greefrath & Siller, 2018); finding information or data, selecting variables, formulating problems with the use of the Internet, or presenting data and program functions with the use of spreadsheets (Villarreal et al., 2018). This emphasized the digital tools utilized in the modeling process at different levels (Galbraith & Fisher, 2021). We need to know more about the relationship between technology and modeling by tracing participants’ digital tools utilization and determining the types and complexity of functions they used in different stages in the modeling process in the three modeling activities.	Comment by Elysium Editing: Please insert the author’s last name and include the reference in the reference list.
[bookmark: _Hlk160960056]Modeling in teacher education
Teachers influence how students learn mathematical modeling (Cai et al., 2014). Therefore, as addressed in several studies, the qualifications of prospective teachers in modeling are considered an essential issue (e.g., Cai et al., 2022; Cetinkaya et al., 2016). As aforementioned, the development of prospective mathematics teachers’ knowledge of modeling can occur through their engagement in modeling activities as learners (XXX, 2018). Numerous studies have highlighted the positive effects of modeling activities for prospective mathematics teachers. These effects include providing teachers with the opportunity to recognize connections between mathematics and the real world (Altay et al., 2014), fostering their understanding of the nature of modeling and modeling tasks (Cetinkaya et al., 2016), enhancing their pedagogical content knowledge of mathematical modeling (such as improving their grasp of modeling tasks, processes, and interventions) (Greefrath et al., 2022), developing their modeling competences (XXX, 2023), increasing their self-efficacy in modeling (Maaß & Gurlitt, 2011), influencing their ability to construct modeling activities while considering different principles (Bukova-Güzel, 2011), and positively influencing teachers' socio-mathematical norms to shift from traditional to reform-oriented classroom norms (Yenmez & Erbaş, 2023). 
Research questions
The present study investigates the characteristics of digital tools used in the modeling processes by prospective mathematics teachers. It aims to track the features of digital tools employed in various actions/phases of the modeling process and observe how these features evolve over time as participants engage in three modeling activities. In light of this, the main questions posed are: ראש הטופס
1. When are digital tools used in the modeling processes (if it is even used)? Does this use of digital tools change over time? 
2. What types of digital tools’ functions are used in the modeling processes (for example, the functions in GeoGebra, Spreadsheets, and the Internet)?
3. How does the level of digital tools’ functions used in one phase/action affect the features of digital tools in other phases/actions?
Methodology
Research context, participants, and procedure
The study involved 32 prospective teachers in their second year of undergraduate studies in mathematics education at one teacher training college in the Arab community in Israel. The participants were selected based on availability and accessibility rather than through a random or systematic process (i.e., a convenience sampling method). The participants were enrolled in a one-year problem-solving course, which consisted of 28 face-to-face sessions, each lasting 90 minutes. The researcher designed and implemented the course, which covered a range of theoretical and practical research issues related to mathematical problem-solving. These topics included the structures and types of world problems and their impact on students’ problem-solving techniques, modeling approaches, solving strategies, and more. Specifically, three 90-minute meeting sessions were dedicated to technology-based modeling approaches. During each of these sessions, participants were tasked with solving a modeling activity using various digital tools. The participants were divided into seven groups, each consisting of 4–5 participants. The researcher introduced the activities and provided clarifications or general guidance to ensure that participants understood what they were expected to do. The researcher was not involved in the solution process, and avoided influencing the participants' decision-making processes. Data were collected from six out of seven groups because one group missed one of the activities. It is important to note that the modeling approach was not part of the curriculum at the College of Education attended by the participants. Additionally, it was not included as a subject in any of the courses the participants had enrolled in. This meant that the participants were being introduced to the modeling approach for the first time, and they had no prior experience or knowledge of technology-based modeling. 
Data sources and analyses
Data were collected through video recordings of the six groups participating in the three modeling activities. Subsequently, the video recordings were transcribed under the researcher’s supervision, and the transcriptions included all the verbal comments and actions of the participants as they interacted with GeoGebra, spreadsheets, and the Internet. The data analysis was conducted in two stages. In the first stage, the phases/actions of the modeling processes were classified according to Blum and Leiß's (2005) modeling cycles approach see (Table 2) and using the constant comparison method (Glaser & Strauss, 1967).
The second stage involved classifying the features and functions of the digital tools used to solve modeling activity. The analysis in this stage was based on the constant comparison method (Glaser & Strauss, 1967), and it also drew from related research (see Greefrath & Siller, 2018; Villarreal et al., 2018). Table 1 presents a list of empirical literature that examines modeling processes using GeoGebra, spreadsheets, and the Internet. 
Table 1. Digital functions in GeoGebra, Spreadsheets, and the Internet. 
	Resource
	Categories 

	GeoGebra in Greefrath & Siller (2018, p. 369)
	Mathematical drawing: Drawing simple geometrical objects within a coordinate system.
Constructing: Drawing more complex geometrical objects and configurations with the aid of intermediate steps.
Measuring: Determining the distance between points, the length of line segments, the magnitude of angles, and the slopes of lines or segments.
Experimenting: Varying the parameters, conditions, or assumptions of a sketch and observing the effects.
Calculating: Performing calculations using a physical or software-based calculator.


	The Internet in Villarreal and others (2018, p.333)

	Searching for data or information:  Constructing the model and searching for numerical data and information that could help in understanding the phenomenon and formulating problems related to it.
Selecting variables.
Formulating or reformulating the problem.
Generating data using online applications.
Validating the model.


	Spreadsheets in Villarreal and others (2018, p.333)


	Displaying data: Displaying data using tables or different types of graphical representation to communicate the results from each modeling process. 
 Making simple calculations: Making calculations using the automatic affordances of spreadsheets. 
Customizing program functions: Customizing functions using the native functions in Excel in order to make better and more efficient calculations.
Running simulations.
Applying the created model.


Each category is given a value from 1-3 based on the level of digital tools and features being employed (with 0 indicating the non-use of digital features, i.e., the lack of digital tools utilized); see Table 2.
Table 2. Examples of participants’ discourses and analyses. 
	Episode
	Modeling Phase\Action
(first stage)
	Level of and the Features of Digital Tools (second stage) 

	[15] Bayan: Let us draw circles using GeoGebra [draws two circles].
[21] Gadeer: When we enlarge the circle, the toothpaste tube opening enlarges, too.

	Simplifying action: After reading the toothpaste-tube activity, the participants began to search for ways to simplify the problem by drawing circles using GeoGebra to illustrate the opening of the toothpaste tube.
 
	The digital tool was solely used for drawing purposes. 
The level of digital tools utilization is rated as “1”, as the participants only drew a static circle without utilizing more advanced GeoGebra functions. 

	[31] Bayan: Let us make an algebraic expression.
[33] Bayan: The algebraic expression should include the radius, which we will then use to calculate the volume of the cylinder.
[43] Rula: Let us make a table for each different radius. 
[52] Bayan: Ok. And then, let us build the table using GeoGebra. 
[65] Rula: Write the equation here.
[80] Bayan: It should include the value of the first and the second radiuses and the first and the second cylinders. 
[96] Bayan: Now, let us draw two circles sharing the same center.

	Mathematization: The participants constructed a mathematical model to solve the problem.
	The digital tool was employed for 
construction purposes, as the participants aimed to create an algebraic expression for calculating the volume of the cylinder. 
This level of digital tools utilization is rated as “3”, as the participants actively engaged with and discussed the advanced features of GeoGebra. They also opened the spreadsheet window and attempted to formulate multiple algebraic expressions and equations suitable for solving the given cases.

	[508] Shaheer: Let us represent the original radius in cell A1 in Excel [requesting the other participants to write in cell A1 in Excel spreadsheets].
[530] Shaheer: C constant should be 30 [Inserting data in cell C].
[537] Sofian: Here [in cell D2], we should write A2*A2 *C*3.14.
[538] Esawi: Here, in cell B, we should write the enlarged radius [writing the words ‘enlarged radius’ in cell B2].
[540] Shaheer: We must insert another column for the ratio E: D. 
[601] Esawi: Now, we should insert big and small R in cells A5 and B5.
	Translating the mathematical model to a digital model: The participants combined the mathematical model with digital technologies but without referencing the real-life situation proposed by the activity. 
	The digital tool was utilized for displaying data in tables and performing basic calculations through the automatic affordances function in the Excel spreadsheet. 
The level of digital tools utilization is rated as “2” since the participants entered data in specific cells and used spreadsheet features to perform tasks like calculating the cylinder volume and ratios, which involved expressions derived from data division in different cells). 



Following the two-stage analysis, the modeling sequence for each of the three modeling activities within each group was illustrated based on Blum and Leiß’s (2005) modeling.
Modeling sequence
The modeling sequence comprises three modeling activities. The participants engaged in these activities by using their computers, and they were required to construct technological models to answer the demands of each activity. They could use any of the provided digital tools (GeoGebra, spreadsheets, or the Internet) individually or in combination. The first activity, known as the “Toothpaste Tube Activity,” was designed by XXX (2016). In this activity, participants were tasked with eliciting a model that describes the change in consumption resulting from enlarging the opening of a toothpaste tube. The second activity is called the “Huge Shirt Activity” (see Appendix A). In this activity, participants were tasked with determining the number of shirts required by a company to create the giant sports shirt globally, as documented in the Guinness Book of Records. Finally, the third activity, the “Giant Foot Activity,” (see Appendix B). The second and third activities were designed by the researcher. Participants were tasked with determining the height of a giant based on the measurement of his footprint. 
Findings
Types of digital tools utilized in the modeling processes
Analyses of the modeling processes of the six groups participating in the three modeling activities indicate that four distinct modeling cycles illustrate how digital tools are incorporated into the modeling processes. These modeling cycles are presented in Table 3.
Table 3. Types of digital tools utilized in the modeling cycles
	Illustration of the Modeling Cycles
	Features of Modeling Cycles

	

Fig 1. Modeling Cycle #1
	Utilization of digital tools at the end of a mathematical model: Following the elicitation and evaluation of the mathematical model, the participants reversed the mathematical model to create a technological model.

	

Fig 2. Modeling Cycle #2
	Utilization of digital tools throughout three actions of the modeling processes: This encompasses mathematizing, creating the mathematical model, and applying the mathematical model.

	

Fig 3.a. Modeling Cycle #3.a.
	Utilization of digital tools across four stages of the modeling processes: This encompasses simplifying, mathematizing, creating the mathematical model, and applying the mathematical model.

	

Fig 3. b. Modeling Cycle #3.b.
	Utilization of digital tools throughout most stages of the modeling processes: This encompasses simplifying, creating the real model, mathematizing, creating the mathematical model, and applying the mathematical model.



In Table 3, Modeling Cycle #1 illustrates participants’ utilization of digital tools at the end of a mathematical solution. Modeling Cycle #2 illustrates participants’ partial use of digital tools throughout the modeling processes. While Modeling Cycle #3.a. and Modeling Cycle 3.b. illustrate participants’ advanced utilization of digital tools throughout all stages of the modeling processes. 
Changes in digital tools utilization across the three activities
Table 4 represents the shifts in the use of digital tools throughout the modeling processes across the three activities. In this table, Modeling Cycle #1 emerges only during the first activity among one group. Nevertheless, in the third activity, almost all groups integrated digital tools and features throughout most modeling processes. 
Table 4
Changes in digital tools utilization across the three activities
	
	First Activity
	Second Activity
	Third Activity

	Group 1
	Modeling Cycle #1
	Modeling Cycle #3.a.
	Modeling Cycle #3.b.

	Group 2
	Modeling Cycle #3.b.
	Modeling Cycle #2
	Modeling Cycle #2

	Group 3
	Modeling Cycle #3.b.
	Modeling Cycle #3.b.
	Modeling Cycle #3.b.

	Group 4
	Modeling Cycle #2
	Modeling Cycle #2
	Modeling Cycle #3.b.

	Group 5
	Modeling Cycle #2
	Modeling Cycle #3.b.
	Modeling Cycle #3.b.

	Group 6
	Modeling Cycle #2
	Modeling Cycle #3.b. 
	Modeling Cycle #3.b.


Features of digital tools utilized in the modeling process
As observed in Table 3, the utilization of digital tools varies across the five modeling phases/actions, from simplification, real model, mathematization, and mathematical model, applying the mathematical model.  Internet is only employed in the simplification action of searching for data and information or as variable selection. Table 5 demonstrates the features of digital tools utilization and the specific digital functions employed in GeoGebra and spreadsheets throughout the modeling activities. 
Table 5
The integrated digital functions across the three modeling activities
	Modeling Phase\Action
	GeoGebra
	Spreadsheets

	Simplification
	Drawing.
	

	Real Model
	Mathematical drawing.
Drawing embodiment.

	Displaying data using tables.


	Mathematizing and Mathematical Model
	Constructing and measuring.
Making simple calculations.
Constructing and customizing program functions. Using advanced functions.

	Making simple calculations.
Constructing and customizing program functions.
Using advanced functions.


	Applying the Mathematical Model
	Calculating.
Experimenting and calculating.
	Calculating.
Experimenting and calculating.


Table 5 shows that the drawing and measurement functions in GeoGebra were more practical for participants in simplifying and visualizing the real model compared to the spreadsheets. However, in the other modeling processes, similar functions were used in both digital tools. 
Based on the levels of integrated digital functions, which are categorized from 0 to 3, the results obtained from the analyses (as described in the method section) demonstrate the presence of these various levels. Figure 4 illustrates the levels of integrated digital functions among the six groups throughout the three activities.

Fig 4. Levels of digital functions used in the modeling phases\actions among the six groups.
In general, the mathematizing actions and mathematical model phase received the highest level of digital tools utilization. In construct, simplification and the real model received the lowest level of digital tools utilization. The following section provides a detailed examination of the level of digital function utilization across the various modeling phases/actions.
Simplification. Digital tool utilization in the simplification actions occurred 11 times, with nine instances at Level 1 and 2 instances at Level 2. At Level 1, simplification involved drawing (refer to Episode 1) and searching for data or information. To use these functions, participants needed a basic knowledge of both GeoGebra and the Internet. At Level 2, simplification encompassed searching for data or information and selecting variables (see Episode 2). As illustrated in Figure 4, the level of digital tool utilization in the simplification phase did not influence the level of digital tool utilization in other modeling phases/actions.
Episode 1: Simplifying the Toothpaste tube activity by using GeoGebra
[2] Rula: When we regularly use the toothpaste tube, our consumption will increase.
[4] Ashar: Yes, it will increase.
[11] Rula: So, the toothpaste will finish faster.
[15] Bayan: Then let us draw circles with GeoGebra [draws two circles].
[21] Gadeer: When we enlarge the radius, the opening of the toothpaste tube enlarges too.
Episode 1 shows how the participants tried to simplify the problem to find out how the consumption of toothpaste will change over time. Rula [2;11], Ashar [4], and Bayan [15] used GeoGebra and drew circles to illustrate the opening of the toothpaste tube; this drawing function is considered an essential function in GeoGebra.
Episode 2: Simplifying the Huge T-Shirt activity by using the internet 
[64] Alla: We must Fig out how many standard T-shirts it requires to make the huge one.
[65] Ola: We need to calculate the width and the length of the T-shirts.
[78] Rasha: And the medium.
[83] Alla: The length is 50 [after searching on the Internet]. 
[203] Olla: Small, medium, or large?
[207] Alla: The difference between the length is only 1 cm [after searching on the Internet].
Episode 2 shows how the participants found the t-shirt dimensions by searching on the internet (as presented in Alla’s [83, 207] interaction). The participants also used the internet to search for the different sizes of t-shirts and select different variables (as presented in Olla’s [203] interaction). These two episodes present different simplification processes. In Episode 1, the participants drew circles using GeoGebra, while in Episode 2, the participants used the Internet to search for information and select variables. It is noteworthy that drawing circles as a means of simplification also emerged among the groups that did not integrate digital tools (e.g., drew circles using pens and papers or used daily life examples to estimate the t-shirt dimensions). 
Real model. Digital tool utilization in the real model phase occurred ten times, with eight instances at Level 1 and 2 instances at Level 2. At Level 1, digital tools were used for mathematical drawing and displaying data using tables (refer to Episode 3), while at Level 2, digital tools were employed for drawing embodiment (refer to Episode 4). Compared to including digital tools in other modeling phases/actions, the real model phase received the lowest level of digital tool utilization. It was similar to the level of digital tool utilization in the simplification action but less than the level of digital tool utilization in the mathematizing action.
Episode 3: Suggesting a real model at level 1 for the Toothpaste tube activity
[25] Rula: The solution is in the small cylinder [pointing at the first circle they drew with GeoGebra before drawing a similar circle]. 
[28] Ashar: The base of the cylinder will be more extensive, so the volume too will be bigger [pointing to the second circle drawn in GeoGebra and then drawing another similar circle]. 
[30] Ashar: So, the amount of toothpaste that will come from the toothpaste tube opening should be bigger. 
Episode 4: Suggesting a real model at level 2 for the Toothpaste tube activity
[15] Esawi: We must find the amount of toothpaste that will come from the toothpaste tube opening. 
[17] Shaheer: Let us draw the original opening [drawing a cylinder in GeoGebra]. 
[22] Sofian: Now we need to enlarge it. 
[24] Sofian: Like that [draws a larger cylinder in GeoGebra]. 
In Episodes 3 and 4, Rula [25], Ashar [28,30], Shaheer [22], and Sofian [24] elicited real models to find out the amount of toothpaste that would come out of the toothpaste tube opening by comparing the original and the enlarged cylinder openings. In Episode 3, the participants drew another circle to illustrate the real model. While in Episode 4, participants used the embodiment of two cylinders. 
Mathematizing and mathematical\technological model. Digital tool utilization in the mathematizing and mathematical model phases occurred 17 times, and it was distributed across levels (once at Level 1, six times at Level 2, and 10 times at Level 3). Level 2 involved making simple calculations (refer to Episode 5 and Fig. 5), while Level 3 encompassed the construction, customization of program functions, and the use of advanced functions (see Episode 6 and Fig 6).
Episode 5: Mathematical\technological model in spreadsheets for the Toothpaste tube activity
[203] Ola: We will do before and after [pointing at two columns].
[208] Alla: Put πr2 here and the πr12 here [writing each expression as a word in the first cell of each column].
[215] Rasha: Do you want to calculate the area of the circle each time? 
[227] Rasha: No, it must be calculated using Excel functions [pointing to building a dynamic expression].
[260] Rasha: We must now multiply D by D, with cell D including the radius [writing a dynamic expression].
[278] Ola: Now E Minus C [cells C and E].
The participants discussed how to translate the mathematical model into a technological model. They first discussed the model’s frame and what it would look like. They then discussed using two columns, as shown in Ola’s [203] suggestion. Afterward, they thought about the data that they should use in the cells. They discussed whether to use words or variables, after which they constructed the technological model of dynamic expression (as presented by Alla [208], Rasha [215, 227], and Ola [278]). This is shown below in Fig 5.[image: ]
Fig 5. Translating the mathematical model using spreadsheets
In Fig 5, column B shows that the value of the radiuses before enlarging them is 1. In column C, the participants inserted the dynamic equation π*B2*B2. In column D, the participants inserted the values of the radiuses after enlarging them. In column E, the participants inserted the dynamic equation π*D2*D2 to calculate the area of each circle. In column F, the participants inserted an equation to calculate the differences between the areas.
Episode 6: Mathematical\technological model in GeoGebra for the Toothpaste tube activity
[165] Bayan: We must multiply the area bases by the height [of the cylinders].
[166] Rula: Let us use πr12*h to calculate the volume of the original cylinder and πr22*h to calculate the volume of the enlarged cylinder.
[160] Gadeer: Both are the same height. 
[179] Ashar: The ratio is πr22*h: πr12*h.
[180] Rula: So, the radius that we identified has two decimals.
The participants elicited a mathematical/technological model by using their knowledge of both mathematics and digital tools. The model elicited is the ratio between the volume of the original cylinder and the volume of the enlarged cylinder (as presented by Ashar [179], who illustrated the amount of toothpaste that would come out of the tube). The extra technological knowledge can also be traced in Rula’s [180] identification of the optional values of the radiuses. 
[image: ]
Fig 6. Illustrating the mathematical/technological model for the toothpaste tube activity 
To the left of Fig 6, we can see a slide bar for the original radius, a slide bar for the enlarged radius, and a slide bar for the height of the cylinder. In the middle, we can see an image of the two cylinders. To the right side of Fig 6, the cells represent the relevant volumes of both cylinders. The volumes included in the cells were calculated using the equation πr2*h, which the participants constructed by themselves. Thus, the participants applied the mathematical/technological model by moving the slide bars to the right and left to get specific proportional values.
Applying the mathematical model. The level of digital tools utilized in the applying the mathematical action was always at Level 1, and it was lower than the level of digital tools utilized in the mathematical modeling phase. The level of digital tools utilized in this action mainly included calculating experimenting and calculating (see Episode 7), and the functions that were used were moving the slide bars in GeoGebra and substituting different values in the variables section. 
Episode 7: Applying the mathematical model - experimenting and calculating
[192] Bayan: The radius is 3, so is the cylinder’s volume [moving the slide bar to get the value 3].
[193] Rula: 56 [referring to the volume of the cylinder]
[202] Bayan: [moving the slide bar] But if the radius is 1.5, then the volume of the cylinder is 14.
[203] Gadeer: Yes, the volume is 14.
[219] Ashar: The volume changes as the radius changes, so the consumption also changes. Here, the consumption changes by 4. 
In Episode 7, the participants applied different values in the mathematical/technological model by moving the slide bars [192, 202]; this is considered an essential function in GeoGebra. Nevertheless, using this function, the participants reached the mathematical results 14 and 56 (as presented in [193, 202]). The participants also reached the mathematical result 4 (as presented in [219]).
Changes in the Level of digital tools utilization Among the Six Groups 
The findings indicate that the level of utilization of digital tools did not always change with time (see Fig 7). For example, the level of digital tools utilized in Group 1 increased with time. However, in Group 2, the level of digital tools utilized was the highest during the first activity. Similarly, in Group 3, the level of digital tools utilized was the highest during the second activity rather than the third activity. In Group 6, the level of digital tools utilized increased during the second activity, but it remained at the same level during the third activity. The results also indicate that the level of digital tools utilized did not change according to the demands of each activity (see Fig. 8). For example, the first activity had a higher level of digital tools utilization than the second and third activities (Group 2). In comparison, the second activity had a higher level of digital tools utilization than the other two activities (Group 3). Moreover, the third activity had a higher level of digital tools utilization than the two other activities (Group 1). However, the average level of digital tools utilized in the modeling phases\actions among the six groups indicates an increase between the first and third activities and in all modeling phases/actions (except in applying the mathematical model, which remained almost the same across the three activities). 

Fig 7. Changes in levels of digital tools utilization among the six groups 

Fig 8. Changes in level of digital tools utilization among the six groups across each activity

Fig 9. The average of digital tools utilization complexity across the three activities

Discussion
This study investigates the features of the utilization of digital tools in modeling processes among prospective mathematics teachers. The findings showed two key changes in the participants’ use of digital tools: first, an improvement in digital tools through the modeling phases and actions, and second, an increased adoption of digital tool functions employed in each phase and action. These changes highlight participants' improved understanding of effective digital tool utilization through their involvement in modeling activities. 	Comment by Elysium Editing: There are several changes here- please check if you agree with the changes and that the meaning of the sentences have  not been altered.
In the first activity, only two groups used digital tools for most of the modeling processes, while in the third activity, five groups used digital tools for most of the modeling processes. In the first activity, they limited their use of digital tools to the mathematical aspects of the modeling activity, while by the third activity, they also used the real-world aspects, which included the interpreting action and the real model. That means participants moved from viewing the digital tools as mere mathematicizing aids to integrating them as essential components for visualizing, developing, testing, and refining their model. This indicates that the digital tools transform into mathematical instruments that significantly affect students’ cognitive processes (Vergnaud, 2009). These results align with Jessen and Kjeldsen's (2023) findings, which reported that digital tools could extend beyond being mere calculators and shape students’ modeling processes. As emphasized by researchers (e.g., Zbiek et al., 2007), the progression of using the digital tools more for modeling processes can be attributed to the participants’ increased experience with these tools., 	Comment by Elysium Editing: Please check the spelling of this word throughout the text.	Comment by Elysium Editing: Please make sure that this source is included in the reference list.
The second change is in the adoption of more complex digital functions. The increase in the level of digital tools utilized among the six groups shows changes occurred between the first and the last activities in most of the modeling phases/actions. This means that the participants changed how they used digital tools, from a basic level to a more sophisticated level of use. For example, the findings show that through the mathematicizing action, the level of use increased from making simple calculations to constructing and customizing program functions. These changes show the practical aspect of learning the features of digital tools by utilizing their functions (Haspekia, 2014), as well as the development of participants’ mathematical digital competency (Geraniou & Jankvist, 2019).The participants come to understand the strengths and limitations of digital tools and learn which tools are suited to various mathematical situations. 	Comment by Elysium Editing: Please check if this is correct.
Engaging in modeling activities offers the opportunity to develop proficiency in using digital tools. The modeling activities consist of open-ended problems that need to be interpreted and mathematicized by participants while working in small groups., This provides the opportunity for discussion and communication among participants (Shahbari & Peled, 2015) and is a highly interactive environment for the genesis of an artifact into an instrument (Artigue, 2002). In the current case, the discussion of the various features of digital tools leads to participants becoming more familiar with these features. These types of problem demand that participants choose multiple solution pathways; therefore, they have to identify the digital tool’s potential to meet the task challenge and then develop specific processes to use their digital tool efficiently (Geiger & Redmond, 2013). Another feature of modeling activities is the need to generalize models, as this is one of the principles of modeling (Lesh et al., 2000). It encourages participants to construct and use advanced functions, e.g., the dynamical spreadsheet models (Greefrath, 2011). In the current study, that means constructing dynamic equations in spreadsheets for the volume of cylinders in the toothpaste activity. Furthermore, the self-assessment feature in modeling activities through the modeling process (Lesh et al., 2000) encourages participants to discover verification and simulation features of digital tools, such as slide bars in GeoGebra, to assess the effect of different values of radiuses on the change of consumer in the toothpaste activity.	Comment by Elysium Editing: Please make sure that all sources in the main document are included in the reference list
The primary implications of this research underscore the importance of incorporating courses that integrate modeling and digital tools into the curriculum of teacher training colleges. It emphasizes the need for prospective teachers to engage in a series of activities as learners rather than a single activity. This engagement of prospective teachers in multiple activities using digital tools can enhance the connection between modeling and technology and, at the same time, contribute to their understanding of the advanced functions of digital tools.
In light of these results, the study suggests conducting further research to explore teachers’ thoughts regarding using digital tools. This research should aim to understand why and when teachers prefer specific digital tools and for what purposes. Such an investigation will facilitate a comprehensive examination of changes in digital tool utilization across various phases/actions and provide insights into the overall effectiveness of digital tool utilization. 
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Appendix A: The Huge Shirt Activity
Qatar has set a new record for the largest sports shirt in the world as part of a celebration held on Tuesday (November 23) at Aspire Park in Doha. The huge shirt was placed on the ground to be measured by Guinness rulers, and a new world record for a shirt’s size was announced, measuring 72.2 meters in length and 48.7 meters in width. Qatar Petrochemical Company contributed to producing this huge cotton shirt, which weighed six tons. The company’s general manager stated that registering this shirt in the Guinness Book of Records is part of a plan to support Qatar’s bid to host the 2022 FIFA World Cup. As an administrator, you are asked to find out how many real shirts the company needs to knit to make this huge shirt. Explain your findings.
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Appendix B: The Giant Foot Activity
Archaeologists occasionally find traces of giants in different parts of the world. This time, they have found footprints of a giant human foot, measuring 120 centimeters long. Scientists have several reasons to believe that historical giants had lived on our planet, but they are not revealing them. Ancient sources also confirm that the first human species that inhabited the planet millions of years ago were giants. You are required to find the height of the giant using the measurement of this footprint.
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