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Section a. State-of-the-art and objectives


Background: AGT
The design of protocols for interactions between collaborating entities has been the subject of study for a number of fields. In particular, the fields of economics and computer science have made significant advances on this subject over the years, each according to its distinct paradigms. Economics has concentrated on markets and human incentives, ignoring the computational aspects, and computer science has concentrated on computational issues, ignoring the often-conflicting incentives of the agents.

Both fields, computer science and economics, were profoundly affected by the emergence of the Internet, a ubiquitous, dynamic computational artefact thoroughly enmeshed in society and promising a global system of communication, commerce, interaction and democracy. Indeed, computer science was completely transformed, its focus shifting from the design and analysis of an individual computer to the analysis of interactions among different computers
. This shift represents perhaps one of the most profound changes in the focus of computer science since its inception, resulting in substantial progress in the design of incentive-compatible protocols for many Internet applications, including network routing, peer-to-peer file sharing, electronic auctions, cloud computing and much more. In a sense, computer science has come to view the computer as simply a device for delivering the Internet.

Changes
 have also occurred in the field of economics in response to the increasing use of sophisticated computer systems to handle all types of economic activities. Using computers, complex scenarios involving multiple agents and goods can be examined, requiring algorithmic tools and approaches. Consequently, economic theory started to take into consideration the special technical and conceptual framework of interacting computerized agents.

In the wake of all these changes, the fields of computer science, economics and game theory began promoting research that combines concepts and approaches from all these fields, leading to the emergence and success of the interdisciplinary Algorithmic Game Theory (AGT) field of research. This area of study
 has evolved rapidly, and has already significantly influenced its three parent disciplines. The theory of AGT is well developed and beautiful, and has already generated several impressive applications, ranging from huge advertising auctions in search engines and web pages to FCC spectrum auctions for wireless bandwidth, all involving transactions worth hundreds of billions of dollars. Now representing the intersection of computer science, economics and game theory, AGT is breaking new ground in nearly every field.
AGT has already contributed considerably to economics and game theory, and continues do so with great success, injecting new concepts and suggesting new perspectives for examining problems in which are consistent with economists' goals. For example, AGT has significantly enriched auction theory, proposing new models and questions that have greatly enhanced understanding of this issue. It is now clear that AGT provides novel approaches that benefit the very core of the research in economics and game theory.

Recognition of AGT
The field of AGT has received tremendous recognition within the academic community. In 2012, the G\"{o}del Prize recognizing outstanding papers in theoretical computer science was awarded to the authors of three outstanding papers that helped launch the field of AGT \cite{Koutsoupias99,Nisan99,Roughgarden02}.
 More recently, the Nevanlinna Prize, one of the most prestigious international awards in mathematics, was awarded to Prof. Costis Daskalakis for transforming our understanding of the computational complexity of fundamental problems in markets, auctions, equilibria, and other economic structures. In addition, AGT researchers are constantly being employed at all the large Internet companies, including Google, Microsoft, Facebook, and more. These prizes and recognition reflect the field's excitement, breadth, accomplishment, and promise.

Impact of Computer Science in General
This recent impact of computer science on economics and game theory is part of a greater trend whereby research breakthroughs often come about from the fusion of different scientific ideas. Until recently, computer science focused mainly on its internal development as a science and its impact on other fields was limited. Now, computer science has entered a golden age, emerging from the background to become a transformative agent in the world powerfully influencing on the core of other fields. Some recent examples of this process are the fusion of computer science and information theory into modern crypto theory, the fusion of computer science and physics into quantum computing, and the fusion of computer science and biology into computational biology. Indeed, AGT and electronic commerce are further examples of successful fusions of computer science and economics. The wide-scale impact of computer science in today’s age of the Internet is hardly surprising. With nearly every field increasing in scale as the Internet has grown, many scientists have developed a much deeper appreciation of computer science. All these factors together contribute to boosting the impact of computer science.

Canonical Example: Mechanism Design and Combinatorial Auctions
The primary driving factor behind the growth of AGT has been the emergence of the Internet, which gave rise to an incredibly large number of applications involving self-interested participants with heterogeneous preferences and objectives. Given this explosion of online and computerized economic activity, the complexity of running and deploying both economic mechanisms and markets of unprecedented scale
 need to be studied and understood.
The canonical and familiar example for this type of research has always been combinatorial auctions, in which a high volume of economic transactions is conducted through various types of auctions in both the private and public spheres. Auctions are held in every sphere of activity, from government spectrum auctions in the United States and Europe for assigning wireless spectrum licenses, through sponsored search auctions in virtually all search engines, to sales of millions of items on eBay every day. These auctions have resulted in hundreds of billions of dollars/euros in revenue.

For example, an incentive auction of the United States Federal Communications Commission (FCC) was used to reassign a number of television broadcast frequencies for wireless Internet access, due to the shortage of usable frequencies. The design of this auction had to take into account numerous factors, among them economic efficiency, effective incentives, and the computational complexity of the auction. The goal was to design a computationally tractable protocol that could deliver economically efficient outcomes.

The study of auctions has traditionally been the domain of theoretical economic research, which has resulted in Nobel Prizes and fame for many economists. However, due to computational applications and the movement of economic and commercial transactions onto the Internet, much of the research on auctions began to be conducted by computer scientists, who presented new approaches, new domains, and new challenges, as well as numerous new opportunities. While the scope of this current research proposal extends beyond auctions, the auction application will serve as the primary model for demonstrating our ideas.

Mechanism design theory, which is used to examine auctions and mechanisms in general, has proven to be a major breakthrough in the modern economic analysis of markets, revolutionizing how economists think about optimal markets in settings of incomplete information. A mechanism specifies the set of messages that participants can use to transmit information and chooses the outcome based on the messages that are sent. Given a mechanism, agents effectively play a game where they send messages, such as a bid in an auction, as a function of their private information. The goal is to find a mechanism with an optimal equilibrium decision outcome according to the given performance measure, such as social welfare or revenue. Mechanism design provides a unified framework for reasoning about centralized decision-making in settings suffering from incomplete information. Algorithmic mechanism design, which studies the design of mechanisms in complex computational settings, is the natural extension of mechanism design theory through the computational lens. 
In the general model of combinatorial auctions, there is a set of $m$ items and a set of $n$ agents with heterogeneous preferences over the items. An allocation is represented by a vector $x=(x_1, \ldots, x_n)$, where $x_i$ is the bundle allocated to agent $i$. Every agent has a {\em type} that represents his or her private information. For example, an agent's type might be his or her valuation function $v_i$ that maps every allocation vector to some real number. It is commonly assumed that an agent's valuation is a function $v_i:2^{[m]}\rightarrow R^{\geq 0}$ that maps every bundle an agent $i$ may receive to some real value.

A direct mechanism receives a vector of agents’ types as input, with one from each agent, and chooses an outcome, and possibly payments for the agents. A truthful mechanism is one that creates the right incentives for the agents to reveal their private types truthfully to the mechanism. While agent types are private, in some cases it is assumed that they are drawn from a commonly known joint distribution $D$, which may be a product distribution, $D = D_1 \times \cdots \times D_n$ in the case where the type of every agent $i$ is drawn independently from some distribution $D_i$.
The {\em social welfare} of an allocation is the sum of the valuations of the agents for their corresponding allocations. The {\em revenue} obtained by a mechanism is the sum of payments made by agents in the mechanism.
Algorithmic Game Theory: The Next Decade
Our Mission
}
AGT: Issues
During its first two decades, AGT successfully studied the design of truthful and computationally efficient mechanisms for the allocation of resources among agents. The concepts that emerged had theoretical appeal but suffered from some highly overly simplistic assumptions that rendered the theory less realistic. During these decades, AGT essentially had to invent itself from scratch, combining two presumably different and distant disciplines into a coherent framework. This process entailed overcoming numerous challenges and obstacles. As a newly emerging field, it was only natural for AGT to employ a simplified model to facilitate this consequential synergy. Indeed, even using simplified assumptions, AGT researchers developed a remarkable theory that facilitated rigorous analysis and groundbreaking observations. However, AGT’s traditional approach, which makes {\em overly
 strong assumptions}, is unsuitable for addressing many of the practical problems AGT seeks to tackle.
Research Goal
This proposed research seeks to advance AGT theory by highlighting limitations in the traditional AGT paradigm and by supporting a less rigid and less simplified approach. This will be accomplished by replacing some of the theory’s overly strong assumptions with more realistic ones. We believe that this goal should offer a crucial advance in AGT theory that will contribute to making it more relevant to practitioners. It should be emphasized that this process of becoming more relevant is inevitable as AGT now aims to inform the design of real systems. 
The doctrine
 of Wilson, who supported weakening the strength of the assumption of common knowledge, animates this current project. Wilson wrote that (1987): ``I foresee the progress of game theory as depending on successive reductions in the base of common knowledge required to conduct useful analyses of practical problems. Only by repeated weakening of common knowledge assumptions will the theory approximate reality
." In a similar spirit, Bergemann Morris wrote (2005): “The mechanism design literature assumes too much common knowledge of the environment among the players and planner […] The modelling strategy must be to first make explicit the implicit common knowledge assumptions and then weaken them
.” This approach posits that simple, detail-free mechanisms should be preferred in order to alleviate the risks of applying excessively strong assumptions \cite{wilson1985game}. If invalid or ineffective assumptions are applied, the resulting theory can lose some of its predictive validity for real-world settings.

Research Approach
This research will apply Wilson's approach not only to the common knowledge assumption, but also to many other overly strong assumptions in traditional AGT research. We posit that use of these overly simplistic assumptions impedes the utilization of some of the resulting insights for real applications. Therefore, these assumptions must be made as flexible and nuanced as possible in order to enable the theory to get closer to practice. Of course, because some of these original, more rigid assumptions have some validity and usefulness, an optimal balance must be found that modifies these older assumptions in such way that still leads to tractable models amenable to meaningful mathematical analysis.

Each section in this proposal highlights one area in which an overly strong assumption is made, and discusses solutions for relaxing this assumption that lead to meaningful theory and results. The following steps are taken for each area:
\begin{itemize}
  \item Step One: Identify the overly strong assumption. In those cases where the strong assumption is implicit rather than explicit, it will need to be made explicit in order to highlight the problem.

  \item Step Two: Consider ways to weaken the assumption that lead to a more realistic model while providing a rigorous framework amenable to rigorous analysis.

  \item 
           Step Three: Analyze the motivational issues within the relaxed framework, derive insights into the effect of the more realistic assumption by generating positive results, or possibilities, and negative results, or impossibilities.
\end{itemize}
Overly Strong Assumptions
This section enumerates those assumptions that have been traditionally made in AGT research, which we consider overly simplistic. In recent years, there has been some work grappling with easing some of these assumptions. Some of this work has led to some fruitful theories that advance the understanding of what can be done in a relaxed environment. Our work will expand the scope of these newly formulated theories, applying them to other areas of interest. This project will also examine the interaction of these new theories with additional modified assumptions. In cases where there is only minimal knowledge the impact of relaxed assumptions, this work undertakes to identify informative mathematical models that will lead to meaningful results.

\begin{itemize}

\tem: The seller and buyers have perfect distributional knowledge of the preferences of all the buyers.

In practice, neither the seller nor the buyers have perfect distributional information about the preferences of the participating agents.

\item: Every agent fully knows his or her value for each outcome, and values are independent and private.

In practice, agents do not have full information over their own value, either due to {\em informational externalities}, such as an agent's value depending on information owned by other agents, or simply because they have unclear valuations.

\item: There are no outcome externalities: the value that each agent derives is a function of his or her own allocation only.

In practice, agents derive value not only from their own allocations, but also from the allocations of other agents. This phenomenon is termed {\em outcome externalities}.
\item: Agents are fully rational, acting as optimal utility maximizing agents, based on their personal knowledge.

In practice, agents are only partially rational. They do not act as optimal utility-maximizing agents, due to various constraints ranging from computational limitations to cognitive biases.

\item: All the agents are simultaneously present at the time the mechanism runs.

In practice, agents arrive over time, and the mechanism designer needs to make decision in real-time online, having only partial information about the future.

\item: Items are substitutes for each other in some sense. Many different models have been suggested for this observation. 

In practice, complementary items are everywhere, including physical items, services and more.

\end{itemize}

The Ramifications of Practical Considerations
Simplified assumptions often lead to less complicated settings, thus facilitating analysis. The concern is that the results obtained from simplified assumptions may not capture reality and will consequently not be applicable to real-world scenarios.

For example, an assumption that is made in almost every work in AGT is that agents have private and independent values. This assumption leads to strong and convincing results showing that a welfare- maximizing outcome can always be achieved via a dominant-strategy incentive-compatibility (DSIC) mechanism, ignoring computational concerns. It is assumed that DSIC mechanisms are extremely strong, meaning that it is in the best interest of every agent to reveal his or her true preferences to the mechanism, regardless of what the preferences of other agents are, or what strategies they employ. This is the celebrated Vickrey-Clarke-Groves (VCG) mechanism []. In reality, however, values may actually be highly correlated. An elegant model that captures this reality is the {\em interdependent values} model of Milgrom and Weber []. In this model, such a powerful result is unattainable, even for the simplest imaginable setting of the sale of a single item. Consequently, compromises need to be made about the concept of truthfulness. One way of compromising is to resort to the weaker truthfulness concept of ex-post incentive compatibility (EPIC), which means that truth-telling by all agents is an equilibrium but not a dominant strategy. However, weakening the truthfulness notion is also not sufficient. Once again, traditional economics has assumed that values exhibit the so-called {\em single-crossing} condition (see Section [] for more details). Without this assumption, even the simplest scenario, the sale of a single item, cannot be resolved. However, many real-world scenarios do not adhere to this condition (see, e.g., drilling rights example, in Maskin and []), in which case the optimal solution cannot be obtained. In all of these situations, simplified assumptions lead to positive results, while realistic considerations complicate the analysis and lead to impossibility results.

In some cases, however, the process may be reversed, and realistic assumptions may be harnessed to obtain better results than do the oversimplified assumptions. For example, an overly simplified assumption made in the literature is that agents are fully rational, in the sense that they make optimal choices to maximize their individual utility. Under this assumption, a Walrasian equilibrium, which is a basic desirable stable state in the market, rarely exists. However, it has been recently shown by [] that if agents exhibit the {\em endowment bias}, which is evident through empirical studies, then a Walrasian equilibrium occurs much more frequently. This is an example where getting closer to reality leads to better results. This proposed project will analyze both types of scenarios in order to both gain a better understanding of how to achieve improved results in scenarios where realistic assumptions lead to worse performance, and to discover scenarios where realistic considerations lead to better results. 

Case Study: Full Distributional Knowledge
Discussing the elegant theory that was developed by relaxing the first overly simplistic assumption can demonstrate the great potential of the proposed project. 

Classic economic theory in mechanism design traditionally assumes that the probability distributions from which agent types, such as values, are drawn are fully known by the participants of the mechanism and the mechanism designer. This assumption is extremely useful in achieving positive results, and has indeed led to many fascinating results.

The general problem is the following: there are $n$ bidders, whose values are drawn from the probability distribution $D = D_1 \times \cdots \times D_n$. The goal is to design the optimal mechanism in terms of the best expected revenue. In cases where the prior distribution was fully known, this problem was fully resolved analytically by Myerson []. That is, given the prior distributions from which bidders' values are drawn, the optimal auction is characterized by the {\em virtual value} function, which is a function of the reported value and the underlying distribution. Informally, the winner is the bidder with the largest non-negative virtual value, and the critical value is the payment made. 

In practice, neither the sellers nor the buyers have perfect distributional information about the preferences of the participating agents, since prior information may be expensive or impossible to acquire. Moreover, a single procedure may need to be reused several times in settings with different bidder valuations. It is therefore desirable to devise mechanisms that make as few distributional assumptions as possible, an approach which conforms to that of Wilson.
Prior-Independent Mechanisms
A useful approach that has been taken with respect to the above problem is to use prior-independent mechanisms. In this approach, it is assumed that there is some underlying prior distribution from some family of distributions, such as regular distributions, but the mechanism's rules do not reference any prior distribution. That is, the mechanism's description is independent of the prior distribution, but the performance of the mechanism is measured against the optimal mechanism tailored to the unknown distribution. Prior-independent mechanisms are robust, as they do not rely on any information from the prior distribution, and a single mechanism is simultaneously near optimal for every valuation distribution from some family. 

For example, suppose a single item is sold to a set of $n$ bidders, with valuations drawn in an independent and identically distributed manner from some distribution $F$. The second price auction [], which sells the item to the highest bidder, for a price that equals the second-highest bid, is prior-independent: its description is independent of $F$. In contrast, the second price auction does not give any revenue guarantees. When augmented with a suitable reserve price, it maximizes revenue for well-behaved distributions. However, because the reserve price does depend on $F$. T, the second price with reserve is not prior-independent. One of the core questions in this scenario is what revenue guarantees can be obtained by prior-independent auctions.

A very elegant theory has been developed to address this important problem. The {\em sample complexity} approach, initiated by Cole and Roughgarden (2014) [], lies at the interface of algorithmic game theory and learning theory. It asks the following question supposing that the algorithm has access to the prior distributions only in the form of independent and identically distributed random samples, how many samples are sufficient and necessary for finding an approximately optimal auction? In essence, the goal is to PAC
-learn a revenue-maximizing auction. Recent papers in this area have shown, either information-theoretically, or by providing an efficient algorithm, that a nearly optimal (i.e., up-to-epsilon) auction could, with high probability, be achieved from polynomially many samples [].

A different approach that has been considered is the {\em competition complexity} approach. This approach follows the seminal work of Bulow and Klemperer [], and resembles the {\em resource augmentation} line of research in computer science, which includes scheduling [KP00, PSTW02], bin packing [EvS07] and caching [ST85], among others. It asks the following question: Supposing that more buyers can be added to the setting, how many additional buyers are sufficient and necessary for obtaining revenue that exceeds the maximal revenue of the original setting? For example, Bulow and Klemperer [] showed that in a market with $n$ independent and identically distributed agents from a well-behaved distribution, recruiting one more agent and running the prior-independent VCG auction, or the second price auction, is sufficient to obtain at least the optimal revenue in the original market. Drawing on the simple scenario in the original paper of Bulow and Klemperer, more complex questions can be explored, such as how many additional bidders would be needed to be recruited to our market in order to obtain the optimal revenue from the original market, using a prior-independent auction, such as a VCG auction.
Preliminary Results
Together with my students and colleagues, we were the first to advance the literature on Bulow-Klemperer (BK) results beyond single parameter settings.

In [EC'17], we established the first Bulow-Klemperer results in {\em multi-dimensional} environments, proving that by recruiting additional bidders, the revenue of the VCG mechanism surpasses that of the optimal, possibly randomized, Bayesian incentive-compatible mechanism. Using the recent duality-based framework of Cai et al. (2016) for reasoning about optimal revenue, we demonstrate that in a setting with $n$ bidders with additive valuations subject to downward-closed constraints over $m$ independent, regular items, the competition complexity is at most linear in the number of agents and items, and at least logarithmic in the number of items. However, the costs of recruiting a linear number of new buyers may be prohibitive. In [EC'18] we show that for every $\epsilon$, one can obtain $(1 − \epsilon)$ fraction of the optimal revenue by running the VCG mechanism with substantially fewer additional buyers: logarithmic, constant, or even none in some cases.

A Class of Open Problems
Almost all of the papers in the sample complexity area of research, with the exception of [17: in stoc submission], focused on single-item, or slightly more generally, single-parameter, auction environments. [list of references appear in new stoc paper, yannai] This project seeks to study the sample complexity of multidimensional settings. Additionally, because the competition complexity is a natural approach in many other contexts, this project also aims to study the competition complexity of additional settings of interest. This applies to various economic scenarios, such as markets, auctions, voting, etc., various economic objectives, such as efficiency and revenue, and various concepts regarding
 competition complexity (???).

Specific Open Problems
Optimal mechanisms in multidimensional settings are not well understood, and may be computationally intractable. This situation has led to the study of more structured multidimensional environments, which in turn gave rise to many positive results [FGKK16, DW17]. In this project, we would like to use the additional structure to reduce the number of additional bidders needed for the revenue of simple mechanisms to surpass the optimal mechanism. We also plan to explore the power of resource augmentation in additional settings.

For example, consider the combinatorial public project model, where there is a set of $m$ potential public projects, and each agent has a valuation function that assigns a real value for every subset of the projects. The mechanism designer can build up to $k$ projects out of the $m$ projects. The mechanism receives agents' bids and must determine which $k$ projects should be built and the amount each player must pay. A question of interest may be the following: Supposing that there are $n$ independent and identically distributed agents with combinatorial valuations over the projects, how many additional projects should the designer be allowed to build in order for the welfare to exceed that of the optimal welfare in the original setting, with $k$ projects?
The Tension between Theory and Practice
Finding practical applications is the goal of this proposed research. In fact, practical applications motivate the entire area of AGT, as the field was originally galvanized by the emergence and growth of the Internet and the transition of thousands of social and commercial applications to the Internet. This Internet-driven revolution has been the engine for the emergence and flourishing of AGT.

Clearly, there are large gaps to be filled before the complete theory of AGT finds full applicability in real Internet applications. Nonetheless, at the same time, the field of AGT is becoming more influential and relevant to an increasing number of applications, including online advertising markets, keyword auctions, combinatorial spectrum auctions, cloud computing, and many additional novel applications. While the goal of bridging the gap between the theory and the practice of AGT remains very difficult to achieve, and may continue to be so for some time, this proposed project is a first step in this direction, aimed at developing a theoretical framework motivated by practical challenges and concerns which will eventually guide real application design.

This type of research features a special form of feedback between theory and practice, whereby practical applications motivate theoretical problems, and theoretical models are developed and inform initial design strategies. However, practical concerns in real-world applications then introduce new complexities that lead to a new theory. This project seeks to devise analytic frameworks that will facilitate the expansion of the domains in which mechanism design can be applied. This is an extremely challenging task. Indeed, practical scenarios exhibit constraints that do not exist in traditional theory. Our starting point would be well-understood scenarios, from which we will interpolate and extrapolate.

The Approximation Paradigm
The Role of Approximation
The crucial role that the approximation paradigm plays in the realm of this proposal should be emphasized. Clearly, approximation plays a crucial role in computer science in general. An enormous amount of research over the past decades uses the approximation lens to reason about fundamental questions that cannot be optimally solved due to bounded computational resources, bounded communication, and partial information about future events (competitive analysis
).

Once the approximation paradigm is in place, it is only natural to use this powerful tool to study additional problems. Indeed, AGT research uses the approximation paradigm to study other types of limitations and constraints. For example, it is well known that equilibrium outcomes may be suboptimal. The “price of anarchy” [KP99] is defined as the ratio of performance in equilibrium to the optimal performance. In essence, it is an approximation measure that quantifies the inefficiency incurred by society due to selfish behavior. 

It may appear surprising that economists have not analyzed the level of inefficiency incurred in equilibrium. However, it is not remarkable that they have overlooked this issue, since any result would inevitably involve approximation. Since the approximation method has historically not been part of theoretical economic theory, economic theory lacks the language to articulate such an examination. The economic theory literature concentrated instead on identifying often very strong assumptions under which optimal solutions can be attained. We believe that there is a tremendous opportunity to use this methodology to extend the scope of research of traditional economic theory and establish near optimality guarantees under much weaker conditions, thereby significantly expanding the scope of design in which rigorous analysis can be made. Indeed, the approximation approach has begun penetrating into the theoretical economic literature in recent years (Arnosti et al., 2016).

Approximation is already playing a crucial role in AGT. It should be emphasized that as more and more overly simplified assumptions are successfully challenged, approximation will play an even more important role. Often, relaxing simplifying assumptions leads to impossibilities, inefficiencies, and hardness results, and prevents us from reaching the optimal solutions. Approximation seems to be the right paradigm for reasoning about what can and cannot be done in such scenarios where optimal solutions are unattainable.

Although the approximation results we expect to obtain are quantitative in nature, they should not be taken too literally. Rather, they serve mainly to provide qualitative insights; to help identify features that are potentially beneficial in practice; and to distinguish between tolerable and intolerable scenarios. By moving slightly from the search for optimal solutions, the approximation paradigm reveals patterns in the complex landscape of optimal mechanism design, and provides structural insights into intriguing problems. As it is quite flexible, the approximation paradigm can, for example, be used to define different benchmarks against which the results are compared and different notions of approximation. One can also use more refined modelling of the framework to obtain meaningful results. This leads us to parameterization
, the second paradigm that will be of use in this study.

Some scenarios are not even amenable to reasonable approximation guarantees. In such cases, we would still like to differentiate between cases that are amenable to positive results and those that are hopeless. Such differentiation is crucial for theory that strives to inform the design of real mechanisms. Parameterization is a second paradigm that nicely complements the approximation approach. Instead of deeming the scenario impossible to handle, we {\em parameterize} the input space of the problem presented in a way that captures interesting properties of the problem. Parameterization, by essentially restricting the domain, enables the attainment of more refined results with potentially practical applications.
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