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AThis paper presents an integral-equation approach to the linear instability problem
of two-layer quasi-geostrophic flows around a circular islands with bottom topography-is
studied. The study extends an earlier barotropic model of similar geometry and topogra-
phy and focuses on the degree to which the topographic waves in the lower layer resonate
with the basic flow in each layer. The integral approach poses the instability problem in a
physically elucidating way, in—whichwhereby the resonating neutral waves in the system
catr—beare directly identified—directly. The flows investigated are composed of uniform
potential-vorticity (PV) rings in each layer, havingwith the PV of each ring being of op-
posite signs. Four types of instabilities are identified: instability caused by the resonance
of the Rossby waves traveling along the liquid contours at the edge of each PV ring (CC
resonance), instability caused by the resonance of the wave at the upper-layer contour
and the topographic waves outside the lower-layer contour (C;T), a similar resonance
of the lower-layer contour with the topographic waves (C2T), and a resonance between
one eigenmode of the contours subsystem with the topographic waves (CCT). The three
lasttter resonances lead to = critical fevetlayer instabilities and can be identified as reso-
nances ofbetween the contour waves withand a collection of singular topographic modes
havingwith a critical layer. The C;T (CoT) instability occurs when the lower-layer ring
is sufficiently thin enough and the basic flow travels counterclockwise (clockwise). The
neutral PV perturbations in the outer region behave asymptotically behave as barotropic
(BT) or baroclinic (BC) modes that, when traveling clockwise, have spiral shapes and
are wavelike in the radial direction. Usually, the BT mode is the ofremode thatin res-
onance with the contours; but, in—ease-offor small growth rates, the BC mode may be
the dominant enemode. The nonlinear evolution of the CC resonance usually leads to
emission of dipolar modons whichthat then return to the island and are re-emitted in a
quasi=periodic manner. The contours-topography instabilities may produce a narrow PV
ring at the lower layer at the location of the critical layers of the dominant resonating
topographic perturbations; this ring interacts with the original rings to form a quasi-
stationary structure (e.g., a tripole) that rotates counterclockwise for a relatively long
time before splitting into emitted modons.

1. Introduction

Islands in the stratified ocean mightcan be surrounded by have complex and variable
current circulation patterns around-thent (7). Closed flows whichthat are anomalous; (i.e.,
foltow-anflow in a direction opposite direction-to the overall circulation of the surrounding
ocean;) have been observed around Iceland, Taiwan, the islands of Kuril Chain (?) and
the Pribilof iIslands (7). In most cases, these anomalous circulations are anticyclonic
(clockwise) in the northern hemisphere and are wind-driven. Waves generated in the
vicinity of the islands may be trapped by the slopping topography or the coast; and also
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contribute to the circulation strength; the trapping by islands was shown for barotropic
BT) flows (see, e.g., Refs. 2?77) as-wett-asand for the stratified sea (see, e.g., Refs. 777).

In this paper, we study the conditions for 1nstab1hty of such baroclinic (BC ) flows in an
idealized model, where the island is circular and the bottom topography is conical (i.e.,
the beta—cone model).

To account for the stratification of the ocean, we use the simplified two-layer quasi-
geostrophic (QG) simplified model (?). The linear baroctinieBC instability problem was
solved by 7 for the case of two-layer zonal uniform QG flow over a flat bottom-by-75 and
later solved by ? with inrcthe tuding bottom topography includedby-7. For circularly sym-
metric flows, the instability problem was investigated by ? for baroclinicBC QG vortices
with a flat bottom and continuous stratification. Circular baroctinieBC two- layer flows
were 1nvest1gated by ?; for flows confined to an annular channel. Our model is differents
in several respects:: Flrst in our-modelit there-isrequires no external boundary. Second,
the basic flow is dlffereﬁts as described | below; especialtyin particular, in-otr-modet-the
currents in the two layers may beflow in opposite 1t directions in our model. Related
to this is the fact that, in our case, the ratio of the bottom slope to the basic isopycnal
slope is not constant, and-thereforeso this ratio plays no fundamental role.

F? investigated the instability associated with idealized circularly= symmetric baretropieBT
currents around circular islands with bottom topography-was-investigatedby-7. There the
flow was composed of two constants—PVpotential-vorticity (constant-PV) rings around
the island and the velocity outside the rings was zero. The purpose of this paper is to
consider a variant of that model appropriate for a two-layer flow; now any layer consists
of onea single constant-PV ring. The flows in the two layers may have opposite direc-
tions and the velocity outside the rings does not vanish identically, but rather only the
barotropicBT velocity. fFigure 1 presents schematically the velocities and PVs profiles.

The concept of resonance prov1des a physmal interpretation of instabilities in two-layer
shallow--water flows-is e . As hasbeen shown
by many authors, different types of 1nstab1ht1es can be 1dent1ﬁed as resonances between
neutral waves; the type of the instability is determined by the interacting waves. The
resonance is usually seen—byoccurs at the erossingintersection of the dispersion curves
[i.e., ofthe curve of the phase velocity vs-ersus the wave number of the neutral modes
(?)]. This was demonstrated in zonal shear flows (?77?) and zonal two-layer flows (??77).
In all these papers the resonantce viewpoint was only applied to the case of shallow-water
systems without the QG approximation; in this paper it is also applied alse to QG flows.

FoWe identify the resonances in a simple way; by using an integral-equation approach
to the linear instability problem-is-tndertaken. To date, the integral approach was-tsedso
farhas only been used for barotropicBT flows by 7 Wlth no further devetopmentextension
elsewhere to baroctinicBC flows. +This paper fills thls gap-1ttis by showning that the inte-
gral approach poses the ins mstablhty problem in a physically elucidating way; in—whichwhereby
the coupling between the various wave types canbeis directly identified-directty.

The basic flow considered in—this—paperherein isdiffers fundamentally different from
the barotropicBT case studied by ? sitce—herebecause, here, the basic velocity is zero
outside the rings—the—basic—vetocity atin the lower layer—is—nonzero, as welais the PV
gradient (see fFigure 1). This fact m‘rk@%po%%ﬂﬂ@permlts the existence of singular neutral
perturbations whose phase velocity is equals te the basic velocity at some placedistance
[i.e., havingthe lower layer has a critical layer (?7?)]. #isknownthati If a linear stabil-
ity analvsu shows that critical-layer eigenfunctions are neutrally stable a more careful
analysis of the initial-value problem would shows that theythe elgenfunctlons actually
causelead asymptotically over time to an algebraic time dependence-asymptoticatty—with
time (?7).JAU: Please verify in particular all red text to ensure that the intended
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Figure 1: Schematic profiles of the basic velocity in the upper layer Vi (solid, red online);

and in the lower layer V; (dashed, red online), and the PV in the upper layer ¢; (solid,

blue online) and in the lower layer Q)2 (dashed, blue online).

meaning is maintained.]The time dependence is found mathematically from the singu-
larities of the modes on the complex-frequency plane. Here on the beta cone it is shown
that new singularities, not present in the zonal case, appear; their damping effect is
anatytieatlty calculated analytically.

€A critical layer instability (?) was observed experimentally by ? for a columnar
vortex in stratified fluid and was studied in shallow-water one-tayersingle- layer flows (7).
? have showned that this instability could be 1nterpreted as the resonance ofbetween a
nonsingular mode withand a collection of singular modes. For the basic flow considered
in this paper, resonances 1nvolv1ng the topographic waves at the lower layer lead to a
critical-layer instability. The resonating perturbations in this case are identified, and
itstheir effect on the nonlinear evolution of the flow is studied numerically.

The outline of this paper is as follows: + §2 +we present the basic equations of the
model of quasigeostrophic two-layer flows, and i1 §3 we gives the derivation of the integral
eigenvalue equation of the linear stability analysis. trr §4 we applyies the integral equation
to the basic flow composed of the two-layer PV rings schematically plotted schematically
in fFigure 1. The resonance viewpoint is then presented for this flow in §5. fn §6 discusses
the spectrum of solutions in the exterior region r > Ryisdiscussed. These neutrally stable
solutions (according to thea linear stability analysis) are—the—ones—that may resonate
with the waves at the contours of the PV discontinuities at R; and Rj, theirand their
time-dependent damping over-time is also found. #r §7 further explores the resonances
are—further—exploredvia by the dispersion curves, calculates the growth rates and the
structure of the unstable perturbations—are—cateutated, and discusses the conditions for
the dominance of barotropteBT versus baroctinieBC couplings-are—diseussed. faFinally,
§8 examines the-influence-ofhow instability type enaffects the nonlinear evolution of the
flow-is-examined.

2. Two—layer flows on a beta cone: Governing equations

Consider a two-layer quasigeostrophic QG model in which the flow surrounds a cylin-
drical island. The bottom ottsidearound the island is assumed to have a constant radial
slope so that the depth increases linearly offshorewith distance from the island. Under the
quasigeostrophicQG approximation and the rigid-lid condition at the sea surface, the flow
is effectively two- dimensional in each layer. The variables of the upper and lower layers
are denoted by the subscripts 1 and 2, respectively. The unperturbed layer thickness is
denoted by H; (i=ti = 1,2), and their sum of layers by H. In the polar coordinates r and
0, the radial and azimuthal components of the velocity, u; and v;, respectively, in each
layer (i = 1,2); can be expressed in terms of a streamfunction ¥; via-the-equationsby

10y, oY,

BT e T o

In the following, whenever the subscript ¢ appears, it refers to thelayer i-th-tayer. The
slope at the bottom introduces a linear term in r for the PV at the lower layer (see ?
for details). The proportionality constant is the topographic beta, 5 = —f tan(a)/Ha,
where f is the Coriolis parameter. Ht—is—assumed-that—+tThe island’s—size is assumed to
be small compared towith the planetary scale, so f may be regarded as being constant

(2.1)
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(this is analogous to the f-plane approximation, cf. ?). For an island in the northern
hemisphere, 3 is negative.

In terms of the streamfunctions, the PVs in layers 1 and 2 are defined as (cf. ?)

_ 2 f ? 2 f2
Q =V \Ill (\Ifl \:[12), Qg \% \:[12 -I— (\Ill \Ilg) + ﬂ?’, (22)
where ¢’ = g(p2—p1)/p1 is the reduced gravity (g being the acceleration due to gravitationat
aceelerationy, and p; and pa being the layer densities).

On the beta cone, a natural length scale is the radius R of the island. We are interested
in flows whose horizontal length scale is R, such that the curvature plays a dominant
role, so r &= R. Flows having much smaller length scale behave locally as straight flows,
whitewhereas at much larger length scales the island’s influence is negligible. In §3 the
basic flow is defined, where the PV in the upper layer is constant inside a ring, I';. This
determines athe timescaleforthe-time; 1/|T'1|. Therefore, assuming that the time scales
advectively, we transform the variables into non=dimensional variables via

t—t/[l1], r—Rr, Qi— I1Qi;, ¥;— [I[1|R*Y;, B — [T1|3/R. (2.3)
Nondimensionalization of equations (2.2) then yields
2 A 2 A
Q1 =V7¥; - )\71(\1]1 Us), Q2=VUy+ )\*2(‘1’1 — Uy) + fr, (2.4)
where A2 = (R/Lg,)? is the reverse Burger number, and Fry—=—/¢"H/f2Lr, = (g'H/f3)"/?

is the Rossby deformation radius. In the ocean, Lpg, varies from about 1 km at high lat-
itudes to about 400 km at the equator (?). Small islands may have a radius of few
kilometers, whitewhereas large onesislands may reachhave a radius of 200 km. Therefore,
A may change from 10~ om 1074 to 200. Iorder+To be consistent with the q‘l't‘ﬁ‘tg(“f)%fﬁpjiﬂt‘QG
approximation mentionedpresented above, A should be of order tunity or less (?). There-
fore, mostly we mostly use A = 1; Fthis means; that the island’s size is of the same order
of magnitude as the Rossby deformation radius. The relative thickness of each layer ¢
is denoted by \; = H;/H (i = 1,2), with H being the total thickness of the fluid;:
H = H, + H,.
The PV conservation equations governing the dynamics are

3Qi+1 ov; 0Q; 0¥, 0Q; —0 (i
ot or 00 00 or ) OV

=1,2). (2.5)

3. The integral eigenvalue equations

We represent the PVs 1 and Q2 and the streamfunctions ¥, and ¥, of the flow as
sums of the basic-state values (indicated by a bar) and the associated perturbations,

Qi = Qi(r) + qi(r,0,t), Wy = W;(r) + y(r,0,1). (3.1)

YndertheassumptionrofAssuming small perturbations, the linearized equations expressing
conservation of PV conservation-equations that result from (2.1) and (2.5) are

g1 Vidg 10y1dQy g2 Va0 10v2dQ> _
ot + r 00 r 00 dr =0, ot + r 00 r 00 dr =0 (3.2)

The perturbations are thought-ofasconsidered to be associated with an azimuthal integer
mode number m and (generally complex) frequency w:

{qi(r,0,t), ¥;(r,0,t)} = {Q;(r), @i(r)}ei(mef‘”t), (3.3)
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where we suppress the explicit notation of m in Q;(r) and ®;(r) to keepsimplify the
notation—easter; theis notation m is also dropped atse in subsequent expressions. Using
(3.3) in (3.2) yields the Rayleigh equations,

Vitr)  w ®; dQ;
R o . ) 3.4
( r m) Q rodr (34)
By using (2.4) and (3.3), the functions Q;(r) and ®;(r) are related via the equations
dQ(I)l 1 d(I)l m2 A2
= bt N LU I .
% dr?2  r dr TR )\1( ! 2), (3-5)
d*®y  1ddy; m? A?
=—+-——-—7 — (P71 — P2). 3.6
Q2 dr? +r dr r2 2+)\2( ! 2) (36)

Given Q; and Qa, the equations (3.5) and (2) for the streamfunctions can be decoupled.
FBecause the term [(r is absent, the decoupling is possible here, in contrast fow1th its

impossibitity-in equations (2.4) where it is not possible-since ‘
thisis because equations (3.5) and (2) deal with the perturbations of the PVb Conblder

the barotropic{BT} and baroctinie{BC stream-function perturbations;
P = APy + /\2(132, b = b1 — (I)gz (37)

d

and the corresponding PV perturbations;
Qpr = M1Q1 +X2Q2, Qpc= Q1 — Qo (3.8)
From equations (3.5) and (2) and the definitions (3.7) and (3.8), we get the equations

d2 (I)BT 1 d‘I’BT m2

dr? rodr rTq)BT = Qb (3:9)
d2<I>BC 1 dq)BC m2 A2
a2 Trar ey, Ppc = Qae; (3.10)

where theretationr A1 + Ao = 1 was used in the last equation.
The general solutions to (3.9) and (3.10) can be written as

Dpy(r / Ggr(r,m")Qpr(r)dr', ®pc(r / Gie(r,r")Qpc(r’)dr’,  (3.11)

where Gpr(r,7’) and Gpc(r,r’) are the barotropicBT and baroctinicBC Green’s func-
tions, respectively. The derivations and expressions for these Green’s functions appear
in Appendix B. From (3.7) we get the expression of the streamfunction in each layer in
terms of the barotropicBT and baroetinieBC modes,

@) = Ppr + AoPpc, P2 = Ppr — A\ PpC. (3.12)

Using (3.8), (3.11), and (3.12) we get

Dy(r) = /Roo (G11(r, ") Q1 (") + Gra(r, 1) Qo (r")]dr’, (3.13)
(I)Q (7”') = /Roo [GQl(T‘, T/)Ql (T/) + G22 (T‘, T’)Qg (r/)]dr/z (314)
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where the four Green’s functions G;; (4, = 1,2) are defined as

Gii(r,r") = MGpr(r,r") + \aGpc(r, '), (3.15)
Gia(r,r") = X2[Gpr(r,7") — Gee(r, ")), (3.16)
Gai(r,r") = M[Gpr(r,7") — Gee(r, )], (3.17)
Gaa(r,7") = MGt (r,7") + M Gpc(r,r"). (3.18

ByBased on (3.13) and (3.14), the function G;; is the Green’s function that connects a
PV perturbation atin thelayer jth-tayer to the streamfunction atin thelayer ith—tayer.
Note also that the no-slip boundary condition of no-stip at the cyhndrlcal wall [i.e.,
®1(R) = P3(R) = 0 by equations (2.1) and (3.3)] is satisfied automatically by @qtratr@m
(3.13) and (3.14)-autonraticatty. Now-wWe now express the streamfunctions in terms of
the PV perturbations by inserting (3.13) and (3.14) into (3.4) andto get

mVi(r)Q m dQ;(r) /°°

1
r r dr

[Gi1(r,7")Q1 + Gia(r,7") Qo] dr’ = wQ;(r). (3.19)
R

Equation (3.19) constitutes a system of two linear integral equations for the PV pertur-
bations at both layers. In the next section, we apply these equations ferto flows composed
of two-layer constant-PV rings.

4. Flows composed of two-layer rings
4.1. Basic flow profile

As stated above, for-a—bastestate in the subsequent stability analysis, we take as a basic
state a circularly symmetric flow composed of a uniform-PV ring in each layer. The ring
in the upper (lower) layer is bounded by thea rigid contour at 7 = R and thea material
contour at r = R1 (Rg) the latter of whlch we denote by 01 C’g! SI‘I‘ITI‘I‘&T}V—ﬂT@_‘I‘HTg

‘Tf"?“‘l%ﬁ‘t"l‘ﬁ(‘h—w—&?ﬁﬁfﬁ—‘lﬁ’—ef Outblde the rings, the PV of each layer equalb the
background PV. Denoting by @; Q; the PV of the basic flow-by-6;; and by I'; and I'; the

PV in the upper and lower rings-by+Ftrand+t=, respectively, we write

~ ', R<r<hi ~ ', R<r<Re
= = 4.1
@) {0, Ry <, @2(r) {ﬁr, Ry < 1. (4.1)
The PV-jumps across each contour are
Al = —Fl, Ag = ﬁRg — FQ. (42)

The expressions for the basic streamfunctions ¥; and velocities V; resulting from this PVs
configuration are derived in Appendix A. Since the flow is attached to a rigid cylindrical
wall (the island), a natural (although net—unnecessary) boundary condition would be
the no-slip condition;— (i.e., the vanishing of the velocity at » = R). This condition
results from the role of turbulent viscosity in the vicinity of the vertical wall during the
formation of the closed flow, as explained in detail in the-paperbyRef. 7. The vanishing
of the velocity at the rigid boundary at » = R imposes athe following relation between
I'; and T’y (see Appendix A for details);:
_QRSB)\Q + 2R3ﬁ)\2 + 3F1R2)\1 — 3F1R1)\1

Ty = T ) (4.3)

SFigure 1 shows schematic profiles of the velocities and PVs atin both layers-are-shown
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For future reference, we note that equations (4.1) may be written equivatentty as
Q1(r) =T1 +A1H(r — Ry), Qa(r) =To+ (Br —To)H(r — Ry), (4.4)
where H(+) is the Heaviside function, which is defined to vanish at zero: H(0) = 0. The
gradient of the basic PV profile (4.4) is

dQ dQ
991 _ A str— Ry, 92— Aus(r — Ry) 4 BH(r - Ro). (4.5)
dr dr
4.2. Integral eigenvalue equations

Define s;(r,0,t) to be the displacement of a particle from its initial reference location at
t = 0 atin thelayer ithtayer. Since the PV is conserved as it moves, the change in the
PV at the new particle location fer-smatt—s; is, for small s;,

dQ;

dr
(cf. Ref. 7). If all the displacements are associated with an azimuthal integer mode number
m and frequency w as in (3.3), then we may write s; = d;(r)e’(™?=“%) where d;(r) is the
amplitude of the radial displacement of the particle. Comparing (4.6) with (3.3)it-is
shows clearly that

qi(r+5,0,t) = Qi(r,0) — Qi(r +5;,0) = — S; (4.6)

Qi(r)=— dgf d;(r). (4.7)
ByBased on (4.5) and (4.7), Q; vanishes everywhere except at » = Ry, where it is given
by a delta function. The displacement s; of a particle at r = Ry can also be interpreted
as the deformation of C (cf. Refs. 77); the amplitude di(R1) of €1’sthe perturbation Ci
is denoted by «1/R;. Similarly, the amplitude da(R2) of €5’s perturbation Cs at r = Ry
is denoted by as/Rs. The amplitude of the displacement da(r) at the outer region r > Ry
in the lower layer is denoted by 7(r)/r; and can be viewedinterpreted as the deformation
of the background constant-PV contours (which are circles). The division by Ry, Rs, and
r is madedone imorder to make the integral operator symmetric, which is useful as is
shown below (§6). Therefore, using (4.5) and (4.7), we write

Asc
Qi =~ 0(r = R1), Qe=—"p20(r— Ra) - gn(r)H(r — Ry). (4.8)
2
Inserting (4.8) into the eigenvalue integral equations (3.19) yields the following three
eigenvalue equations;:

[/ —A A (o) /
Vi(Ry) éGu(Rth)Oél _ 1G12];R1,R2)a2 _ ﬁAl/ G12(5/3177“ )n(r')dr" ~ Y,
1 2 Ro T m
(4.9)
A Vo(Ra) — A 0 /
_ 2G21(327Rl)al n Va(Rs) 2G22(R2’R2)a2 _ ﬂAg/ Gaa(Ra,r )n(rl)drl _ ﬁo%
R1 R2 Ro r!
(4.10)
Ga1(r, R1) Gaa(r, Ry) Va(r) F Gaa(ryr!) W
R R, 2t )-8 o n(r)dr’ = —a(r).
(4.11)

Equations (4.9)—(4.11) can be recast into a standard matrix eigenvalue equation;it
is, which can then be solved numerically by using the “eig” function in Matlab, which
uses the QZ algorithm (7). To get the matrix form, the integrals are approximated via a
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Gaussian quadrature rule (see, e.g., Ref. ?), which for any function f(x) takes the form
/ 132 f(rydr = ZZV L w; f(ri); here r; and w; are the nodes and weights, respectively, of
the quadrature rule employed.

Since the domain is infinite, we divided the integral into two regions: The first oneregion
is the ctosenear neighborhood of the island, where the basic flow velocities at the two lay-
ers are significant. Outside the largest ring, the velocities drop exponentially with r with
typical length scale A/v/A1 Ao (see Appendix A); thus the velocities remain significant at
Ry < r < max(Ry, R2)+5A/v/A1\2. In this region, the Legendre-Gauss ©quadrature rule
is applied with 1000 points. The second region is outside, at max( R, R2) +5A/v/ A1 A <
r < 00, where the Gauss-Laguerre quadrature rule is applied with 150 points. Tests of
convergence show that the results are robust; e.g., even with half the number of points
in each region, the error in calculating the eigenvalues; is less than 0.1%.

5. Resonance viewpoint

The integral eigenvalue equations (4.9)—(4.11) allow direct interpretation of the cou-
plings that occur in the system studied. We demonstrate it by using the first equation,
(4.9), which determines the angular velocity of the upper contour C; perturbation, at
r = Ry. The right-hand side (RHS) of (4.9) may also be viewed also as the time derivative
of the PV perturbation at r = R; sineebecause the time derivative is proportional to
w flef. equation (3.3)]. The first term fon the | the left-hand side (LHS) of (4.9) contains the
free-streaming term Vi (Ry)oy /Ry with the coupling to the basic PV jump at its place,
namely, —A;G11(Ry, R1)ay/R;. This term would determine the angular velocity of the
PV contour at r = R; ifwere no other couplings to occur (cf. Ref. 7). The next term
represents the coupling between the PV perturbations at C; and Co; sinee—it-isbecause
o tis what influences the time developmentdependence of ;. Finally, the integral term
represents—the-influence-ofdictates how the PV perturbation 7(r)/r in the lower layer
outside Cy onaffects the evolution of €1’s the perturbation at C;.

Theidentifieation-ofeEach of the coupling terms can now bye appliedin-case-thatidentified
when instability is reached. By allowing only certain couplings to remain in the equa-
tions while removing others, one—can—isotate different subsystems of the entire system
can be isolated and find the dominant ones found. These are the couplings that lead to
the closest phase velocity and growth rate[AU: “Closest” to what? Or do you mean

‘... couplings that lead to a phase velocity that is closest to the growth rate ..." ?]of
the fully coupled system. In this case, the PV perturbations that couple teand thereby
cause the instability are said to be resonant.

The resonance viewpoint has been emptloyedused by many authors for shallow-water
systems, as mentioned in the Introduction. Usually, itresonance is demonstrated by the
crossingintersection of two dispersion curves (?); here-another-method-isemptoyed in the
QG case, i-e—the-method-ofwe finding the dominant couplings in the eigenvalue equations
written in terms of the PVs. i §7 it-is showns that the results are consistent with those
ofobtained based on the crossingintersection of two dispersion curve-methods.

In the resonantce viewpoint, the instability is caused by the interaction ofbetween two
waves whichthat phase-lock and thereby enhance theeach other’s growth of cach other
(sce, e.g., Refs. ?7). For the basic flow considered in-this-paperherein, there-are three
Rossby waves which can interact: the first onewave travels along Cy (where the PV in
the upper layer jumps), the second onewave travels along Cs, and the third enewave,
which exists dwre-tobecause of the bottom topography, travels atin the outer region inrthe
second-ayer—(r > Ry) of the second layer. As is discussed in §6, there are various types
of perturbations types exist for this third wave, which we collectively call ‘‘topographic’
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Figure 2: Growth rates Im(w) for different couplings as functions of Ry at Ry = 5,
B=-01,m=2 A=1,and \y = Ay = 0.5 for (a) I'; =1, (b) I'y = —1. The types of
couplings are as follows: Full (red), CC (blue), C1T (purple), C2T (brown), CCT (green).

perturbations. HBy using the eigenvalue equations (4.9)—(4.11), we identify four types of

instabilityies:

(a) Contour-contour (CC) instability: iIn this case, the dominant interaction which
leadsing to instability is the interactionthat between the perturbations at the rings*
periphery (i.e., between C; and C3). The coupling the contours Cy and Cy alone
corresponds to setting § = 0 in (4.9)—(4.11), thus remainingleaving with two al-
gebraic equations to be solved. trr §7 presents this instability ispresented in more
detail.

(b) Contour-C;—topography (C;T) instability: In this case the CC subsystem (com-
posed of Cy and C; alone) is stable;iwes; that is, the PV-jumps alone aredo not the
cause tthe o instability, but rather the resonance of the wave at C'; with the topo-
graphic PV perturbations in the lower layer (in the region r > Ry). The eigenvalue
calculation in this case is achieveddone by setting as = 0 in equations (4.9)—(4.11).

(¢) Contour-Cy-topography (CoT) instability: In this case, the wave aton the lower
layer PV contour is in resonatesnce with the PV topographic PV perturbations
outside the contour. The eigenvalue calculation in this case is achieveddone by

setting oy = 0 in equations (4.9)—(4.11).
(d) Both-contours-topography (CCT) instability: In this case, the dominant resonance
is between one of the neutral perturbation types of the mutual contours subsystem
CC and the topographic perturbations. The eigenvalue calculation in this case is
achieveddone by rearranging the—equations (4.9)—(4.11) i such a—way that the
perturbations of the CC subsystem are decoupled; this is explained in §7.2. We
nNote that, although it seems that the entire system takes part in this instability,
this is not so: only one of the neutral CC perturbation types participates in this
resonance, whitewhereas the other one isdoes not.

In the following, we collectively termcall instabilities (ii)—(iv)[AU: Do you mean
(b)—(d)?]as contours-topography (CT) instabilities; these are discussed in §7 in more
detail. Figure 2 presents an example showing the identification of the types of instability
typies; the growth rates [i.e., Im(w)] are shown for each of the above resonances; as a
function of the radius of the lower-layer ring. The flow parameters are 3 = —0.1, Ry = 5,
A1 =X =1/2, and I’y =1 (Figure 2a) or I'y = —1 (Figure 2b).

TnthecaseofFor I'y = 1 (Figure 2a), the CC resonance is dominanttes when 2.3 < Ry <
5.5, whilewhereas the CoT resonance is dominanttes when Ry < 2. The C;T resonance
is totallycompletely absent in this caserthe, as explainationis-givened below (§5.1). The
growth rates of the CC instability are generally higher—thanexceed those of the CyT
instability. Also, there is a small ‘‘window’ at 2 < r < 2.3 where the CC interaction is
stable whitewhereas the C5T interaction is not; yethowever, the growth rate of the full
instability is much highergreater (up to 4-timesfourfold) than the growth rate of the CoT
resonance and therefore cannot be attributed to this resonance. The dominant instability
in this region is of type CCT.

Tn—the—caseofFor I' = —1 (fFigure 2b), again the CC resonance admitsleads to the
highestgreatest growth rates and is dominant infor most values of Ry. In much of the CC
instability region, the actual (full-system) growth rate is fowerless than that implied by
the growth rate of the CC interaction. Therefore, the topography in this case stabilizes
the flow. Again at small values of Ry (below 1.5), the dominant resonance is between one
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of the contours and the topographic perturbations, but this time it is of type C;T, and
the CoT type is absent. At small regions at 1.5 < r < 2.1, again the instability is again
of type CCT.

5.1. Pseudomomentum considerations

Asisknowm; Although white momentum is not a conserved quantity in the system (3.2
of the linearized equations—{3-2), one can define an analogous quantity that is conserved,
namely, the pseudomomentum (7). WhiteWhereas a necessary condition for instability to
occur is phase~locking (i.e., erossingthe intersection of the dispersion curves of two neutral
waves), not every crossingintersection leads to instability. As shown byin Ref. ?, an
additional requirement for instability is that the two waves wottd have pseudomomenta
of opposite signs-of psendomonrentunt.

The expression for the pseudomomentum density in the two—layer model on the beta
cone (i.e., in polar coordinates where the basic flow is radially symmetric) is developed

in Appendlx C and is given by thefollowing-expression;

_ o MdQu 5y X dQy
M__2 dr <81> 2 dr<2>’

where the brackets (-) denote the azimuthal average of the variable. The pseudomomen-
tum density satisfies the continuity equation

(5.1)

oM 10F
— 5.2
ot ror (52)
where F = (% 8;; L) is the Eliaseen-Palm flux. If (5.2) is integrated over the entire plane

outside the island (r > R), we get the equation for pseudomomentum conservation,

oM __
ot — 0, where

o0 /) dQ A d
= [ oair=— [ (;gwsm 2l §>) dr. (5.3)

Since M is conserved, it must vanish in the case of an instability-it-must-vanish, Thiswhich
leads to the—known Rayleigh’s necessary condition for instability; that the basic PV
gradient must be somewhere negative and somewhere positive (cf. ??). Moreover, ncase
thatif only two perturbation types are in resonatence, their pseudomomenta must have
opposite signs (7).

For the basic flow considered in-this-paperherein, the use of (4.5) and (4.8) gives a the
pseudomomentum beeomesof

/\ A A2 A A
M= (<28 - 22— [ aPar) e (s
4R7 4R5 R

Since the PV jumps atwhen the two contours C; and Cy arehave opposite in signs,
their pseudomomenta arehave opposite i signs and the Rossby waves traveling along
these contours may be in resonance. The pseudomomentum of the perturbation at the
exterior region r > R, is always positive, 3 being always negative. Therefore, the exterior
perturbations can only be in resonatence with the contour wave whose pseudomomentum
is negative (i.e., is traveling along a positive PV gradient).

This explains why only one contour wave resonates with the topographic perturbations,
as shown in fFigure 2. If I'y = 1, the pseudomomentum of the contour wave at r = R;
is positive {since[because A; < 0 by (4.2) }ﬂ whitewhereas thatthe pseudomomentum of
the contour wave at r = Ry is negative {sincelbecause Ay > 0 for the specific param-
eters chosendictated by (4.2)}]. Thus, only the lower-layer contour has opposite-sign—of
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pseudomomentum opposite in sign relative to that-of the outside perturbations (which is
always have positive pseudomomentum)s;, thereforeso a C;T instability is impossible in
this case (fFigure 2a). The same argument explams why a CoT instability is impossible
inrthe—casefor I'y = —1 (fFigure 2b).

6. Perturbation types in outer region

We now focus on the subsystem of the basic flow outside the liquid contours, te-which
means that we search for modes whose perturbation is dominant (i.e., strong relative to
the contours’ perturbations) atin the lower layer at r > Ro. For this, we assume that the
PV-jumps at any of the liquid contours isare negligible (A &~ Ay & 0), thus avoiding
any coupling to waves at thate given contours. The resulting PV perturbations can be
seen as self-excitations of the outer region ; caused by the—presence-of the topography.
Physically;#As a consequence, the contours may physically oscillate and resonate to yield
the contours=topographyCT instability, which is which-is discussed in §7.

Neglecting oy and ag in (4.9)—(4.11) yields a single integral equations for 7,

Bty - [ GO iy = ), (6.1

Since the kernel %,”/) is symmetric (see Appendix B), the operator on the left-hand
stdeLHS of the equation; acting on 7(r); is symmetric; thereforeso the eigenvalues are
necessarily real. The eigenfunctions are orthogonal with respect to the standard inner
product defined by (f1, f2) f Ro f1(r) fa(r)dr for any two functions f; and fy, for which
this integral is convergent. This mtegral equation (6.1) is similar in form to the integral
equation of athe barotropieBT flow discussed in detail by 7. Here the Green’s func-
tion is differents due-tobecause of the cylindrical symmetry and, more 1mportantly, due
tobecause of the baroclinieBC component of the Green’s function [see (3.18)]. Another
difference is the fact that the domain here is unbounded.

Equation (6.1) was solved numerically by using the numerical scheme described at
the end of §4.2. The frequency w wasis indeed—found—to—be always real, and Figure 3
shows some eigenfunctions exampleb%ﬁnﬁd—‘rrﬁﬂhwvmfﬁ—f%gﬁﬁ—i The properties of the
spectrum and the eigenfunctions are explained analytically below.

Before dwelingdiscussing into the structure of the solutions-structure, we make a rough
estimate of the allowed frequencies (the spectrum)-maybe-carrted-out. Multiplication of
equation (6.1) by n* and integrating yields

V) e [ (TGl e [
o erar - [ [ SRy gyt =2 [ Cear - (62)

R>

Since the term %,M/) is always negative [by (3.18), (B6), and (B12)j], the second
integral fon the LHS is negative;therefore, so the possible values of w are

Vs
—00 < w < sup m%(r)’ (6.3)
T

where ‘‘sup’’ denotes the supremum. For future reference, we define the segments as

S = (irTlf mf/j(”), sup mvé(r)) L Sy = <—oo, irTlmeQ(T)> : (6.4)

r r r

so by (6.3), w € 81 US2. We note that, contrary to the derived bounds enderived for
the phase velocity given by ? for annular flows (known as the semi-circle theorems, cf.
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Figure 3: Examples of perturbation types atin the outer region r > Ry. The shared
flow parameters are § = —0.1, A = 1, \; = Ay = 0.5, m = 3. AThe arrow designates
a delta function. (a) aAsymptotically wavelike barotropieBT mode with critical layer
(R1 =4, Ry =5,T1 = 1), (b) aAsymptotically wavelike barotropicBT mode without
critical layer (Ry = 2, Re = 3.5, I'1 = —1), (c) aAsymptotically evanescent barotropicBT
mode with critical layer (R; = 2, Ry = 3.5, I'1 = —1), (d) aAsymptotically baroctinieBC
mode without critical layer (R; = 2, Ry = 3.5, 'y = —1). Arrows denotedesignate delta
functions, and their height corresponds to the multipticative-prefactor inmultiplying frent
of-the delta functions.

?), the phase velocity here cannot, by similar arguments, be bounded from below—TFhe
reasonis—that because the flow is unbounded, whereas such theorems use the fact that
itthe flow is confined to a channel (zonal or annular).

6.1. Structure of solution near a critical layer

When w € &; there is a critical distance r. at which the angular velocity w/m of the
perturbation is equal to the angular velocity V(r¢)/r. of the flow; the integral equation
(6.1) is then singular. In this case, the solution contains a critical layer (see, e.g., Ref.
?). The left-hand-sideLHS of the equation can be viewed as athe sum of an operator
of multiplication by Va/r and an integral operator. Following Refs. ??, the solution is
written in the form of a delta function (the eigenfunction of the multiplication operator)
plus an additional term,

) =D (2 - £) - p e, (6:5)

r m

T m

where D(w) and £(r) are unknown functions to be specified, £(r) is assumed to be a
regular function of r, P signifies that the principal value of the integral is to be taken when
integrating the last expression with respect to r [i.e., Pf;o = lim,_o( }g°7€+fri°+e)]
Some of the solutions obtained numerically are indeed of the form (6.5), as shown in
Figures 3a and 3c; the PV perturbation blows up near the point r = r. and a delta
function appears at r = r.. Note that equation (6.5) is valid also if there is no r for which
V(r)/r = w/m, since then there is no critical layer and we may set D(w) = 0. These
regular solutions are shown in Figures 3b and 3d.

Plugging (6.5) into (6.1) yields the following equation for :

D(w)Gan(r,1e) *_BGau(rr)  on g
Wi B -y

where we assume for simplicity that, atfor r» > R, the function Va/r is injective and
re = (Va/r)"1(w/m), as is the case for the basic flows considered in—this—paperherein.
Also, we used the mathematical relation §(f(z)) = é(x — x0)/|f (x0)| that holds for
any smooth injective function f(z), where xg is a root of f(x) {[if z( exists, otherwise
0(f(x)) = 0y]. Since (6.1) is homogeneous, we can arbitrarily demand that

£(r) =— (6.6)

/OO n(r')dr' =1, (6.7)

R2

which, by (6.5), is equivalent to the specification of the function D(w) by the following
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equation:

_Dw) [T B g
(V) /r)] fiLZwyg_w& )dr' =1. (6.8)

Using (6.8) in (6.6), we get that ¢ satisfies the following nonsingular inhomogeneous
Fredholm equation of the second kind:

glr) = - C2nre) y  [7 DR Gt e grygr, ()

The nonsingularity is guaranteed since the derivative of the Green’s functionsderivative
is always much towerless than the derivative of the velocity’s—derivative (inverse power
vsversus: linear function of r; see Appendixes A and B). Since there is no singularity
in this equation at r = r., the function £(r) is regular, as assumed. If w is outside the
range of {mV (r)/r}, then the solution consists only of the regular function £(r) with no
blowup.

Equation (6.9) can be transformed to a fourth-order nonhomogeneous (homogeneous)
differential equation if a critical layer exists (does not exists) by the procedure presented
in Appendix D. The nonhomogeneous term (D 6) that appears in the resulting differential
equation (D 5) contains only a delta function with its derivatives, thatwhich are singular
only at r = r, (if they exists). Therefore, asymptoticalty at » — oo the solutions to the
differential equation haveasymptotically approach the same form, regardless of whether
thereis a critical layer ornotis present. We denote the four linearly independent regular
solutions to the equation by k1, ha, hs, and hy4. In the following section we find asymptotic
expressions for #;{7=1-4}h; (j=1,...,4) and find the spectrum properties of the
eigenvalue equation (6.1).

6.2. Asymptotically barotropic and baroclinic wave types

We now show that there are two types of solution that, asymptotically at large r, behave
as barotropicBT and baroctinieBC waves. For this we resort to the equations in their
differential form;equation (3.4); and consider solutions far from the origin, where V5 can
be neglected;. sinceBecause the velocity diminishes exponentially with r [see equations
(A20) and (A 21)], such a range may always be found. By (3.4), far from the origin,
Q1 =0and Qy = —mfPs/wr, so equations (3.5) and (2) become

d*®, 1d®, m? o A?

0= ——P - — (P - 6.10
dr? rdr 12 " )\1( ! 2), ( )

mﬁ(I)g dzq)g 1 d‘I)Q m2 A2
- - SO T gy D (@) — By). 6.11
wr dr? + r dr r2 2 + Ao (®1 2) ( )

Asymptotically we may neglect the teft-hand-sideLHS of (6.11) since ®5 appears fon the
right-hand-sideRHS without division by r. We use > the ansatz ®s = a®1, where a is some
parameter to be determined. As is shown below, this ansatz leads to four independent
solutions, which, by the abovesaiddiscussion at the end of §6.1, cover all the possible
asymptotic solutions of the fourth-order differential equation. Plugging ®3 = a®; into
eqtrations (6.10) and (6.12) we-getgives the set of equations (after dividing the second
equation by a);

d2q)1 1 d(I)l m2 A2

a i T e TN
d2q)1 1d(I)1 m2 AZ( — )
0= o ety

0=

21— )b, (6.12)

D, (6.13)
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These two equations are identical provided that

1—a 1—a )\1
—_ —a=1lora=—2t 6.14
Nad N a or a N ( )

Thus, asymptotically, &5 ~ ®; or 5 ~ —%@1. The first expression corresponds to
the asymptotically baretropieBT mode, where ®gc = ®; — &2 ~ 0, and the second
expression corresponds to the asymptotically barectinieBC mode, where &g = A1 ®; +
A2@2 =~ 0. In the following, we loosely call perturbations whose asymptotic behavior is
barotropieBT (baroclinieBC) as barotropieBT (baroclinieBC) modes, without repeating
the fact that this behavior is only asymptotic. Also, note that the barotropieBT or
baroctinteBC character of the mode is reflected only in the streamfunctions and not in
the relations between the PV perturbations, because the PV perturbation at the upper
layer is zero in any case; thus, the barotropieBT and baroelinieBC PV perturbations are
OpT = A2Qo and Qpc = —Qs (i.e., they are of the same order of magnitude). Having
arrived to the conclusion that there are two kinds of asymptotic modes, we now turn to
find their r» dependence.

6.2.1. Barotropic mode

First, we assume that the barotropicBT component of the streamfunction is the dom-
inant erecomponent, ®pr > Ppc (i.e., P = &5). By (3.11), this means that

o0 ! o0 /
/ Grr(nr)  ohar' / S CIGLONMY (6.15)
R2 r Ra r
so we take only the barotropicBT component of the Green’s function in (6.1),
Vo(r * XoGpr(r, 7’ w
Yelr) oy~ p [ 2G0T g = ), (6.16)
r Ra r m

We imposeapply the linear operator D; defined by (D 1) on both sides of (6.16) and

use (D 2). The term Dl(VQT(T) (r)) is neglected because the basic velocity and its deriva-
tives are negligible far from the island (see Appendix A). The integral equation is then
converted to the differential equation

n(r) w d’n  1dn m?
nr_ S/ U 1
r mBAa <dr2 + R (6.17)

If w < 0, the general solution to (6.17) is given by

n(r) = AHY.) <2\/m[jjﬂ> + BHP <2W> : (6.18)

where H ) and H, (1 ) are the Hankel functions of the first kind and second kinds, respec-
tively, of order 2m. Referrmﬁ@%@vc%ﬂf}Babed on the discussion at the end of 86.2, we

denote the two regular solutions to (D 5), thatfor which H2(7,2 and H2( ) are their asymp-
totic approximation, by h; and hs, respectively. The solutions must obey the radiation
condition, according to which energy cannot arrive from outside; this no-radiation con-
dition is satisfied only by HY soB=0 (see 7 for details). The solution to (6.16) is

2m>
then in the form

n(r) = Ah1(r;w) + D(w)d (Vg/r - w/m) , (6.19)

where asymptotically hq(r;w) ~ H2(71,)L(2 mpBAer/w) and D(w) is nonzero if there is a
critical layer; and zero otherwise. Substitution of (6.19) into (6.16) and applying the
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equationat r = Ry leads to two options: (i) If w € §; [i.e., D(w) # 0], then A is nonzero
and is determined by an inhomogeneous equation. Therefore, a solution exists for any
w € Sy-there—is—a—solution. Such a solution, having a critical layer and asymptotically
barotropteBT, is shown in fFigure 3a. (ii) Ontheother-handConversely, if there-is no
critical layer exists, then D(w) = 0, and the equation is homogeneous in A. Therefore,
in this case, w ean takes only discrete values in the segment S,. Such an asymptotically
barotropieBT solution without a critical layer is shown in fFigure 3b.

If w > 0, the general solution to (6.17) is given by a superposition of the modified
Bessel functions of order 2m,

n(r) =Aikbnl<2\/—7n€jzr) + Bloy, (2 —Tn€j2r>. (6.20)

These two functions are the asymptotic approximations to h; and hs in this case. For
the solutions to be limited as 7 — oo, we must set B = 0. In virtue of (6.3), the case
w > 0 occurs only if V3 is positive, in which case it is approaching-fes zero at infinity (see
Appendix A). Therefore, w € S; and this type of perturbation always contains a critical
layer:

n(r) = Ahy(r;w) + D(w)d (Va/r —w/m), (6.21)
with D(w) # 0. An example of this solution is shown in fFigure 3c. Substitution of (6.21)
into (6.16) and applyingthe-equationatusing r = Ry leads to a—determinationof-A # 0
with no limitation on w. Therefore, w can take any value in the segment Sj.

6.2.2. Baroclinic mode

Now-wWe now turn—toconsider the case where the baroetinieBC component is dom-
inanttes. In this case, by (6.1),

/ROO Mn(r/)dﬂ =2 ). (6.22)

We imposeapply the linear operator Dy defined by (D 1) on both sides of (6.22) and-get,
by using (D 2), obtain

n(r) w @ ldnp m? A?
dr2  rdr 72 " /\1)\277

(6.23)

T - mBA
The general solution to (6.23) is

E 2Ar F 2Ar
Mﬂzlmm<>+ﬂaw(>, (6.24)
v VA1 A2 VT VA1 A2
where Kk = % Vw)‘1>‘2, and Wy, ,, and M, ,,, are the Whittaker functions of order (s, m);,
and F and F' are constants. YBy using the asymptotic form of the Whittaker functions*
asymptoticfornr (7), asymptoticatty-we get asymptotically
n(r) ~ Er=e x%s 4 Frois 7F1(1 +2m) Seeery
I'(5+m—k)

For the solution to be limited as r — oo, we set F' = 0. #isknownNote that W, ,,, has
positive zeros only if x > 1/2 (7). This inequality yields mBv/AA2/A < w < 0, i.e., only
negative eigenvalues yield & wavelike asymptotic eigenfunctions, an example of which is
shown in fFigure 3d.

Referring now to abovesaidthe discussion at the end of §6.2, we denote by hz and

(6.25)
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sSegment Sign of w  aAsymptotic aAsymptotic form sSpectrum

containing stgn mode is  contin-

w uous/  or
discrete

S1 w>0 BT CKam(2y/mpBA2r/w) continuous

S1 w<O0 BT AHS,)L(Q\/mﬁ/\QT/w) continuous

S1 any w#0 BC EWem(2Ar//A1X2)/+/r  continuous

Sa w<0 BT AHSY (24/mpBAar Jw) discrete

So any w # 0 BC EWem(2Ar/v/ A A2)/+/r  discrete

Table 1: Parts of the spectrum and theirthe associated properties. The segments S7 and S
are defined by (6.4). BFBT and BEBC designate barotropicBT mode and baroetinieBC
mode, respectively.

hy, respectively, the two regular solutions to (D5), thatwith W, (2A7/vA1A2) /T

and My (2Ar/ \/)\1)\2) /+/T arebeing their asymptotic approximationby—hg—and—hy;
respectivelty. The general solution to (6.22) is then inof the form

n(r) = Ehs(r;w) + D(w)§(Va/r — w/m), (6.26)

where asymptotically hs(r;w) ~ H2(m (24/mpBAar/w) and where D(w) is nonzero if there
is a critical layer and zero otherwise. Substitution of (6.26) into (6.22) and applying
the—equation—at r = R, leads, as in the barotropicBT case, to to two options: (i) If
w € & [ie, D(w) # 0], then E is nonzero and is determined by an inhomogeneous
equation. Therefore a solution exists for any w € S;—there-is—a—sohition. Ontheother
hand(ii) Conversely, if there-is no critical layer exists, then D(w) = 0, and the equation
is homogeneous in E. Therefore, in this case, w can take only discrete values in the
segment Sp. Such an asymptotically baroclinieBC solution without a critical layer is
shown in fFigure 3d. The solution is wavelike in some region and then, starting from
some distance, decays exponentially in r, as implied by (6.25).

A summary of the different parts of the spectrum is listed in—t Table 1. One part
consists of all the values in the segment &; (excluding zero), where each value has mul-
tiplicity 2 (i.e., there are two corresponding eigenfunctions with a critical layer). These
eigenfunctions correspond asymptotically to baretrepieBT or baroelinieBC forms. These

are evanescent if w > 0. In—easethatf w < 0, the asymptotically baretropieBT type is
wavelike as r — oo, and the asymptotically baroclinieBC type is wavelike in a finite

region if w > mByv/A1A2/A and elseotherwise is evanescent. Other—partThe rest of the
spectrum is a discrete set of the segment (—oo, inf{mVa/r}), including asymptotically
baretropteBT and baroelinieBC types without a critical layer.

6.3. Decay of asymptotically BT and BC modes

The modal analysis above in §6.2 shows that the perturbation types belonging to the
continuous spectrum are neutral (i.e., are maintained without growth or damping with
time). However, it-is-known-thata correct treatingment of the initial-value problem cor-
rectly shows that such modes may give rise to asymptotic ategbratealgebraic decay with
time (?); or to algebraic growingth (see, e.g., Ref. 7). Since the perturbation expressions
in the complex-w plane contain poles and branch cuts, as is seen from (6.18) or (6.24),
a natural question is what is their contribution to the flow stability properties?- As is
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Figure 4: (a) Schematic drawing of the location on the complex-w plane of the poles
and branch lines of the Laplace transform response. There are poles due to the discrete
spectrum [where D(w) = 0], a pole at w = mVa(rg)/ro, a pole at w = mVa(r)/r, a
pole at w = 0 due to the asymptotically BC mode, a branch line at &;, and a branch
line at Im(w) < 0 due to the asymptotically BT mode. Also, the Bromwich contour
Im(w) =+ is designated. (b) thecContour for calculating the inverse Laplace transform
of the asymptotically baroetropicBT mode.

shown in this section, these types contribute to its stability by causing decaying rather
than neutrality of a given initial perturbation.

Consider a time-dependent PV perturbation of azimuthal mode number m in the lower
layer, qa(r,0,t) = (o(r, t)e?™?. Tts Laplace transform is defined-as

Qo(r,w) = / Colr, t)e™tat, (6.27)
0
where the notation Q; is-inagreementis consistent with the definition (3.3). The inverse
Laplace transform is givenby
1 oco+4y )
Ca(rt) = —/ Qo(r,w)e” “dw, (6.28)
27T —oo—+1y

where the Bromwich contour of integration is along Im(w) = 7, where v is greater than
the imaginary part of all the singularities of Qs (r,w).
Laplace-transforming the linearized equation for ¢s in (3.2) gives

(172 w) 0 Py dQy  (Go(r,t =0)
2 =

) 6.29
r m r dr m . ( )

FetusaAssume for simplicity that (2(r,t = 0) = §(r — r¢)/r and denote the solution to
(6.29) in this case by x(r,7o;w)/r. This solution is the response function of the system
to an initial delta-function perturbation. Thus, the equation for x(r;rg,w) is

V e !
(2 B w) xrsrow) =B [ 2D (g ) = 8(r — o). (6.30)
room Ro T
Asymptotically, ats r — oo the solutions to (6.30) coincide with the solutions to (6.1),
which by §6.2 are asymptotically intake the form of Hankel functions of the first kind

[see (6.18)] or Whittaker functions [see (6.24)]. Since, for large w ?, it-isknownthat

2m
HQ(i,)L 9 mﬂr - 1 (mﬁr) ’ W,@ . ( 2Ar ) N TW'BA;A\/NMM 7%6_ )\/1\;2 ’
w 2m)! \ w AWV AL A -

(6.31)
then y is bounded as |w| — oo. It is therefore possible to deform the Bromwich contour
integral until it consists only of integrals around poles and cuts.

Trr Appendix E shows that the poles of x(r, ro;w)/r are shown—to-be of four types: (i)
a discrete isolated set corresponding to perturbation types with no critical layer, (ii) the
point w = Va(rg)/ro, (iii) a branch cut along the segment S, and (iv) the poles of the
regular functions £(r;ro,w) defined by (E3). Here we use the asymptotic (at—r — o0)
expressions for £(r;7g,w), which are identical to the asymptotic perturbations found in
86.2. Two types of singularities occur in the asymptotic regime: one is the singularity
1/4/w that appears in (6.18), and the second is the singularity 1 /w that appears in (6.24)
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(in the expression for k). To account for the singularity 1/+/w, a branch of the square root
must be chosen; for convenience we choose the branch cut to be on the negative imaginary
axis. A schematic drawing illustrating the various poles and branch-cut locations is given
in fFigure 4a. The singularity at w = 0 and the branch cut of /w are unique to the
beta-cone model.

The contribution of (i) to the inverse Laplace transform is a discrete sum of exponen-
tials of the form e ="t where {w,} is the discrete mentioned set mentioned. In the same
way, the pole at mw = Va(r)/ro gives rise to a simple exponential e~™V2(r0)t/70 The
contributionof-the branch cut Sy results in algebraic decay as 1/t (77).

To calculate the contribution of the baretrepieBT mode to the integral, we use the
contour—of integration tised—is—as shown in fFigure 4b. The integral along the small
circle, OQW H2(:r)b(2 mBr/eci®)e=i""td¢, vanishes as e — 0 (this can be found by direct
numerical integration) Denotmg the negative imaginary axis by the frequency by w = iz
s, where z is real, the contribution to the integral (6.28)
along the rlght sﬁe Slde of the branch cut is

0 oo
/ Yy (2 mm) ety = — / Y (2 mm) e tda. (6.32)
oo iz 0 —ix

Asymptotically as t — oo, significant contributions to the integral witt come only from
points x near zero. Therefore, the Hankel function in the integrand can be replaced by
its asymptotic approximation at x ~ 0, which is

HS [ 2,/m5" -\ /4 ex 2',/m—ﬁr—‘ - (6.33)
2m —ix mm20r voeple Ty e ) ’

(7). Since the exponential term is bounded by 1, the integral in (6.32) is bounded by
the following integral;:

1/4 oo 1/4
! : / Ay / t=5/41(5/4) (6.34)
mnBr o mm3r ?

where I' is the gamma function. The integral over the other line gives an identical time
dependence, so we conclude that the perturbation decays asymptotically as ¢~5/4 in this
case.

The contribution of the asymptotically baroctinieBC mode is simpler sincebecause
there is only one singularity at w = 0 with no branch cuts. We assume that r is large
enough so the asymptotic expansion of the Whittaker function can be used, Wi, ,, (r) ~

Q_ 1 _ _Ar / . .
rv-2ze *1r2 (?), where Q = W The inverse Laplace transform is then

1 oo+iry 1 co+iy 4 /0
— W (r)dw o -— rSemtdy = is(t) + Y20, (2 |Q|tlnr>
27 J—cotiy 210 J ooty Vi

(6.35)
where the last equality is from Ref. ?. SineefFor large times, J; (21/[Q[t Inr) ~ t=1/* cos(2+/]Q[t In7—
3m/4) (?), so the BC mode oscillates while its amplitude decays as t~3/4

7. Aspects of contour-contour and contour-topography instabilities
7.1. Contour-contour instability

In the contour-contourCC resonance, the instability is due to the interaction of the PV
waves at the liquid contours r = R; and r = R,. In this case, the bottom topography
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at r > Ry can be neglected; this amounts to setting 8 = 0 where it appears explicitly in
(4.9)—(4.11) {[but not setting # = 0 in the expressions for PV discontinuities Ay and Ag
in (4.2)}]. By (4.11), inthis—ease n vanishes in this case; a system of two homogeneous
algebraic equations for «; and s is established. This system can be written in matrix

form,

My — 2 Mo o7 0
m = 7.1
b ] o] = o] &
where

Vi(Ry) — A Gy (Ry, R ALGya(Ry, R

My, = 1(R1) é 1(R1 1)7 My = 21 12}53 1 2)7 (7.2)
1 2

AyGar (R, R Vo(Ry) — AyGas(Ra, R

My, — 22 211;12 1)’ My — 2(Ra2) ;2 22(Ra 2). (7.3)

Frrorder—+tTo have a nontrivial solution, the determinant of the 2 x 2 matrix in (7.1)
should be zero. This yields the eigenvalue equation, which is quadratic in w;:

w2

w
e (M1 + MQQ)E + My1 Moy — Mig My = 0, (7.4)

from which we get the dispersion relation for the two-contours subsystems:

m
WAB = (Myy + Mag) 4 /(M) + Mag)2 — 4(My; Moy — My My)| . (7.5)

The subscript AA or BB corresponds to applying a + or — sign before the square root
in (7.5), respectively. The two eigenvectors corresponding to the two eigenvalues in (7.5)
are the two modes of PV perturbations at the liquid contours, which we accordingly call
type AA or type BB; they are connected to the contours® deformations via (4.6) (see
Refs. 77).

Figure 5 shows an example of how the CC instability can be recognized via the disper-
sion curves w(m). The basic flow parameters are Ry = Ry = 2.5, 1 = =1, \y = Ay = 1/2;
for future reference, this setup is called “configuration A” of the flow. The eigenvalues of
the isolated CC system are calculated viaby using (7.5), while the eigenvalues of the full
system are calculated numerically as explained in §4.2. ForTo facilitate easier tracking
of the dispersion relation, we calculate the dispersion curves for continuously varying m
and mark the points corresponding to integer m, which are the physically relevant values
[see (3.3)]. Figure 5a shows the angular phase velocity of the perturbations, Im(w)/m
vsversus the wave number m, for the two CC waves and the unstable perturbation. When
m—=-374m = 3, 4, or 5, the two phase velocities of the two CC waves coincide and CC
instability occurs, as can be seen from the curve for growth rate [Im(w)] eurve in fiFigure
5b.

At m = 6, the angular velocities of the two CC waves are different, thereforeso no there
cannot—be—a CC instability is possible. However, sincebecause the flow is—stilremains
unstable at m = 6 (the growth rate is nonzero), thewe conclusionisde that one of the
CC waves is in resonatesnce with the topographic perturbations at r > Ry (sincebecause
the outer region at r > Ry by itself is always stable, see §6).

InreaseofFor a CC instability, the growth rate of the full system gz can be compared
towith that found by using the isolated CC system; gcc. #nFor the case shown in fFigure
5b, at the low mode numbers (m = 3 or m = 4), the inequality gr < gcc holds; therefore,
at these mode numbers, the topography outside causes a reduction in the growth rate.
At m = 6 the inequality is inreversed, gr > gcc = 0, the topography at r > Ry then
destabilizes the flow, since without it the flow would stay stable. This result is not specific




20

to the particular parameters of the flow in this example;and- but was-observedoccurred
in all our calculations: at low mode numbers the CC resonance is dominant, yet the full-
system growth rate is lower than expected due-tobecause of the CC interaction alone.
Also, at larger mode numbers the CT resonance becomes the only one that contributes
to instability while the CC subsystem is stable. Another example forof this result is given
below.

7.2.  Contour-topography instability

As is shown in fFigure 5, the unstable m = 6 mode, which is not caused by a CC reso-
nance, has a real angular velocity very close to that of one of the CC-interaction modes.
This suggests that actuatty the CC perturbation type B, having the lowest angular ve-
locity of the two modes {[see (7.5)], is actually the onemode that resonates with the
topographic perturbations atfor r > Ry. Inorder+tTo identify the resonating perturba-
tion type in the CC system by the integral elgenvalue approach, we rewrite the eigenvalue
equations (4.9)—(4.11) fma-wayso that the CC perturbation types appear decoupled; the
calculation is given in Appendix F. This procedure can be viewed as partial diagonaliza-
tion of the system of equations (4.9)—(4.10) by moving to the CC eigenmodes coordinates.
tThe resulting equations (G 5)—(G7) in Appendix F are diagonal in the isolated CC sys-
tem (i.e., in case that there is no topography outside the contours). ft-isfoundThe results
indicate that, incaseoffor the CCT instability, only type B is in resonatesnces with the
topographic perturbations.

To understand why type B is the enemode that resonates with the topographic pertur-
bations, we apply pseudomomentum considerations. Recall that two modes may resonate
only if their pseudomomenta are of opposite i1 sign (§5.1). SinceBecause the topographic
types have positive pseudomomentum [see (5.4)], only the type having negative pseudo-
momentum can resonate with them. fm=aAppendix F it-is proveds that the pseudomo-
mentum of a perturbation has the same sign as the slope of the dispersion curve (when
m may be taken to vary smoothly); a similar result was provenobtained for the rotating
shallow, rotating water (one layer, zonal) ease in Ref. ?. From fFi Figure Sa;it-is shows
clearly that, at m = 6, only type B has the negative pseudomomentum sineebecause only onty
its dlspersuon curve is the only one that decreasinges with m at m = 6.

As is shown in fFigure 2b, a flow with parameters Ry =5, Ry =2, I'y = =1, A\ =
A2 = 0.5 (we denotecall this flow configuration by B) is unstable toagainst mode m = 2
perturbations, where the instability is the CT instability. Figure 6 shows that in—this
case m = 2 is the[AU: You may want to explain what is meant by “gravest unstable
mode,” or use a different terminology.]gravest unstable mode in this case. Again, the
full-system phase velocity is close to that of perturbation type BB of the CC subsystem;
this, which is imaceordanceconsistent with its decreasing dispersion curve, pointing the
fact that it bearshas negative pseudomomentum (Appendix F).

Figure 7 shows the growth rates of different mode numbers as functions of the radius
Ry of the lower ring Ry for the basic flow parameters R; = 5, A\; = Ay = 0.5, and
8 = —0.1. When I'; = 1 (fFigure 7a), the lines of the m > 2 modes are composed of two
“bulges’ that get close to each other with increasing mode number until theiry merginge
at m = 8. The instability in theseis *bulge” regime is of type CC, as was shown for the
m = 2 case in fFigure 2a. AtOn “the left side of each of the lines, it becomes nearly
horizontal; in this range the instability is of type CoT (this wasis also shown for the
m = 2 ease in fFigure 2a). Between these two regions the 1nstab1hty is of type CCT.
MUnlike the other modes, mode m = l;—contrarytothe-other-modes; is unstable only
duetobecause of the CC resonance.

Similarly, when I' = —1 (fFigure 7b), the lines of the growth rates atfor m > 2 modes
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Figure 5: Real and imaginary parts of the eigenvalues for CC and full resonance. The
basic flow parameters are Ry = 2.5, Ry = 2.5, 'y = —1¢, § = —0.5 (configuration
A). (a) Perturbation angular velocity Re(w) wsversus the mode number m. The angular
velocities of two CC waves are given by red and blue dotted curves, and that of the full
system is given by the green curve whenever there is instability. Points with physically
relevant values of m (integers) are marked. S, CC, and CT designate regions where the
flow is stable, unstable duetobecause of CC resonance, and unstable dwe-tobecause of
CT resonance, accordinglyrespectively. (b) Fhe-gGrowth rate Im(w) wsversus the mode
number for the CC resonance (gcc, purple) and for the full system (gp, green). The
points are joined by straight lines for better visualization.

Figure 6: Real and imaginary parts of the eigenvalues for CC and full resonance. The
basic flow parameters are Ry = 5, Rp = 2, Iy = —1, 8 = —0.1 (configuration B). (a)
Perturbation angular velocity Re(w) vsversus mode number m. (b) Growth rate Im(w)
vsversus mode number for the full system. NThe notation and colors are the same as in
Flgure 5.

Figure 7: Growth rates Im(w) for different mode numbers as functions of Rs at Ry = 5,
B8=-01,A=1,and A\ = A2 = 0.5 for (a) 'y =1, (b) I'; = —1. FEach curve is labeled
by its mode numbers—ar‘e%abe}e&ﬂext—’ﬁtreﬁd‘reurve

canbeseen—asare composed of three parts: one is the low- Ry regime, where the lines are
nearly horizontal, and-thenin which case the instability is of type C1T. The CC instability
part consists of the line where a steep increase in growth rate begins (going from left to
right). Between these two regions the instability is of type CCT; this was also shown for
the m = 2 case in fFigure 2b. Again, mode m = 1 is unstable only duetobecause of CC
resonance.

7.3. Barotropic and baroclinic contour-topography resonance

Another useful property of the eigenvalue equations in integral form, (4.9)—(4.11), is the
simple separation of barotropieBT and baroetinieBC couplings. By equations (3.15)—(3.18),
the Green’s functions Gi1,G12,G21, and Gag are re linear combinations of the two more
basic; baroclinieBC and barotropieBT Green functions, Gt and G'sc. The latter serve
as the coupling coefficients between the contours’ perturbations a; and ap toand the per-
turbation outside; n outside. Therefore, if we setuse Gpr = 0 (Gpc = 0) in “the integral
terms in (4.9)-(4.11), only baroetinicBC (barotropicBT) couplings to the outside pertur-
bation are allowed. ©Upon comparing ng the resulting growth rates infor any case we can
identify which of the couplings is dominant. When the BT (BC) coupling is dominant,
the contours areenter in resonance with the asymptotically BT (BC) mode. If %herﬁfe
both couplings are dominant, the contours areenter in resonatirrgnce with a mixed mode.

Ht-wasfound-thatiln most cases, the barotropicBT spicBT CT resonance isthe dominates-one,
whitewhereas the Jﬁ‘ﬁ‘ﬁfhﬁn‘BC CT resonance is very weak or absent. AFigure 8a  shows
an example of the growth rates of the full system, the CC subsystem, the BT coupling,
and the BC coupling—is—shown-in—figureSa; the relative thickness Ay of the upper layer
21 is varied. In this case, Ry =5, Ry =2, I'y = —1, § = —0.1, and the mode number is
m = 2—In-this-case, so the instability is of type CCT (see fFigure 2b); and the type-B
perturbation of the CC subsystem enters resonatesnce with the BT perturbation type
whenever an instability occurs.
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An example forof a configuration where the baroctinieBC coupling isthe dominanttes
ome is not easily found because, for all 7 and 7/, the inequality Ggc(r,r") < Ger(r,r )
holds, as ismay be verified directly from eqﬁ&horrs (B6) and (B12);. mMoreover, if
[r — % | > 7, this inequality gets stronger: Gpc(r,7') < Gpr(r,7’). Therefore, the
baroctinteBC interaction terms are usually negligible compared towith the barotropicBT
terms. FAs a result, the growth rates and the eigenfunctions are;accordingly; determined
mainly by the baretropieBT couplings. This explains the barotrepieBT governor effect,
in which barotropicBT shear teads—to reduction—ines the baroctinieBC growth rate (?).
In the case of circularly symmetric flow, ? noted that this effect may be attributed to
the barotropicBT strain rather than to shear, but anyway both the shear OV, /Or and
strain 79(Va/r)/dr are nonzero in ourthe present case.

The only waytofind-an example where the baroctinieBC CT resonance is dominanttes
is totook-at-configurations wheren the baretropieBT growth rates are—close-toapproach
zero. In this waycase, the subsystem with only baretrepicBT couplings can be viewed as
almost stable, whiteand the baroctinieBC couplings can be viewed as small perturbations;
theses that can affect the resulting elgenvalues of the full system. SFigure 8b shows such
an example where Ry = Ry, =5, T'1 = 1, and g = —0.1-isshowninfigure8b. In the
range 0.123 < A\; < 0.15 the instability is of type CoT, and-thenin which case the growth
rate of the full system gp is very close to that due to the BC coupling gpc.

As X1 approaches tunity (i.e., the lower layer becomes very thin) the BC coupling
becomes dominant (fFigure 8b). This is consistent with the findings of Ref. ? fwho inves-
tigated two-layer shallow water with a bottom topography}; and found that, whenas the
depth of the lower layer decreases, the h‘rrﬁf‘hmeBC instability overtakes the b‘ﬂ‘ﬁﬁ‘ﬁpﬁ‘BT
instability. In terms of the resonatingnce perturbations, however, this range of A\; ~ 1 can-
not be attributed to instability with the baroctinicBC perturbation-types;since because
the instability is CC therein this range (aﬁbecause gcc # 0); the baroctinieBC interac-
tion only contributes to increasing of the growth rate, not to its origin. [AU To what
does “its” refer (interaction, growth rate, perturbations)? For clarity, you may want
to use the proper noun.]

7.4. Resonance with continuous spectrum

Figure 9 shows eFxamples of three unstable solutions (found numerically) for n-areshown
infigure 9 for three configurations of the basic flow. Figure 9a shows the basic flow profiles

Ffor configuration A (see §7.1 and fFigure 5)-the-basicflow profites-are showninfigure
93 and Figures 9d and 9g show the amplitude and relative phase of the resulting unstable

perturbation-are-shown-infigtres-9d-and-9g, respectively;since. Because w, = Re(w) <0
in this case while V5 > 0, this cannot be a critical layer instability. The instability is
of type CC and the growing perturbation outside is reminiscent of the asymptotically
BT mode (6.20);. due-to-thefactGiven that w is complex, the alternating PV profile is
subjecttodecreases exponential-deereasely with r (for details see Ref. 7).

FFigure 9b shows the PV and velocity profiles of configuration B (see §7.1 and fFigure

6)-areshowninfigure9b. As shown above, forthisconfiguration the instability is of type
CCT for this configuration, and sincebecause w, € Si, this is a critical layer instabil-
ity. The unstable perturbation (fFigure 9e¢) is reminiscent of the critical layer structure
(§4)+this, as is most clearly viewed by the rapid change in the relative phase of the
perturbations irover a thin rangeregion near r. = m(Va/r)~!(w;) (fFigure 9h).

The third conﬁguratlon which we label configuration C, correspondsto-a—case-where
theconsists of a CoT instability isof type-Cst-and a dominant baroctntieBC coupling-is
dominant. The flow parameters are Ry = R, = 5, 'y =1, 8 = —0.1, A\ = 0.14, ansd
A2 = 0.86;+rom+. Figure 8 shows clearly the dominance of the bareclinieBC coupling-is
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Figure 8: [AU: Please label graph ordinates.]Growth rates Im(w) for different resonances
as functions of A; for (a) Ry = 5, Ry = 2, Ty = -1, § = —0.1, and m = 2;; (b)
Ry = R, =5, T7 =1, 8 = —0.1, m = 2. TheEach curve is labeled by resonance
types—aretabelednext—toeach—curve. 1The inset in the upper= left corner onf panel (b)
representsshows the growth rates in the range 0.12 < \; < 0.16.

Figure 9: Examples of (a)—(c) profiles of the basic flow—{{a)={e))and, (d)-(f) the corre-
sponding unstable PV perturbations amplitude—{td)=(f)}, and (g)—(i) the relative phases

{tg)={i}}. The basic flow parameters for each tripte-are:vertical column are (a), (d)+, (g)
Ry =Ry =25,T; =—-1, 8= —-0.5, Ay = Ay = 0.5 (configuration A), where m =5 is
the gravest mode with frequency w = —0.118 + 0.0814. (b)+, (e)=+, (h) R1 =5, Ry = 2,
' =-1, 8=-0.1, Ay = Ay = 0.5 (configuration B), where m = 2 is the gravest mode
with frequency w = 0.221 4+ 0.027i. (c)+, (f)+, (i) Ri = R, = 5,1 =1, 8 = —0.1,
A1 = 0.2, A2 = 0.8 (configuration C), where m = 2 is the gravest mode with frequency
w = —0.0097 + 0.0002¢. Notations and colors of fFigures (a)—(c) are the same as in Fig-
ure 1. In panels (d)—(f) the PV perturbations in the upper layer are denoted by solid
blue lines and in the lower layer by dotted blue lines. Arrows denote delta functions,
their height corresponds to the ﬂrﬁ%ﬁrp&tﬁ&tﬁ‘eﬁe’f@fﬁfr@ﬁtprefactors of the delta func—
tions.[AU: Please verify: no dotted lines appear in Figs. 9d-9f, and no arrows appear
in Fig. 9.]

evident. The unstable perturbations (fFigures 9f; and 9i) are reminiscent of the critical
layer structure near r. (at about 5.1) and, at r > r¢, it isreminiscent-ofrecalls the stable
BC mode.

To understand the structure of the solutions in—the—case—offor CT instability we ap-
proximate the solution to the eigenvalue equations when the growth rates are small. The
integral equation (4.11) is nonsingular and 7(r) is then given by (6.5) with no delta
function and without need-forhaving to calculate the principal value-catertation;ie=:

&(r
() = 5 76)
Plugging (7.6) into (4.11) yields the following equation for &;:
Goi(r, Ry) Gaa(r, R2) _  BGaa(r 1) o n
_ R ay — R as +&(r) = s mf(r )dr'. (7.7)

We denotenow use w = w; + iwj, where w, and w; are the real and imaginary parts of w,
respectively. If w is near a bifurcation;- (i.e., w; is small), then we may assume that Im¢
is also small. By (3.3) the expression for the 1Y% perturbatlon at r > Ry is

Re Vo e
q2(r,0,t) = _B <o) ( . m) et cos(mf — wt), (7.8)

2
r(ﬁ_ﬂ)_FwF

T m m?2

where the term Im[¢(r)|w; was neglected being-ofbecause it is second order in wj. The
solution vanishes at r = mVa/w, and switeheschanges the sign of PV between the two
sides; note that the similarity to a critical layer structure is more prominent as the ration
wj/w; becomes small.

For the basic flow in fFigures 9b and 9c, thise ratio is;accordingly; wi/wy ~ 0.128 and
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wi/wy = 0.1, respectively. By (7.8), as w; — 0, the zone-of-switchingregion over which
the PV changes signs in the unstable mode becomes more narrow; thus, in the limit of
w; — 0, the discontinuous nature of the critical layer is restored. In the approximation
of linear perturbations, equation (7.8) describes a thin layer having an m-fold symmetry
centered at r = mVs Jwy and whichthat becomes stronger and broader with time.

In the case of CT resonance, partsome of the eigenmodes in the outer region r > Ro
constituteform a continuum (§6). This suggests that the resonance in this case is with a
collection of the perturbations of the continuous spectra, as was shown byin Ref. 7—A
simpte and as may be explanation—tothisfact—may begivenrongroundsofined simply
based on pseudomomentum considerations: the pseudomomentum of the resonating per-
turbations in the system must cancelsum to zero (see §5.1). Since the pseudomomentum
of the contours is always finite {[the first two terms in (5.4)}], the pseudomomentum of
the topographic perturbation outside must also be finite. ButHowever, the pseudomo-
mentum of one critical-layer perturbation [i.e., the third term in (5.4)}] is infinite tby
(6.5))therefore-imorder, so to-haveany = finite-pseudomomentum topographic pertur-
bation;-it must be composed of a collection of critical-layer perturbations such that the
third term in (5.4) is finite.

Following Ref. ?, we use projections to determine the structure of this collection;—we
use—projections. The unstable outer PV perturbation in the lower layer, n,(r) {[where
Im(w) > 0], is projected on the possible stable self-excitations of the outer region dis-
cussed in §4, 1, {{where o’ beingis real; and the critical layer is at r. = (Va/r) " (w’/m))].
SineeBecause the stable solutions constitute an orthonormal set (see §4.1), the projection
(Nw, Nwr) correctly calculates the weights in this collection. By using (6.5) we get

novnar) = [ () [D«u’)a (V” - “') ; PV_()] or

R, r m

m

- ‘(‘Z(/L:));C Mo (re(w)) +P/Rz (‘f%(giz(’i;)cir%> (7.9)
D) i

N (re(w')) — N (T (W) &5 (re (W)

) ’ (VZ/T)T (W)

The principal value integral was calculated viaby using Cauchy’s integral theorem (see,
e.g., Ref. 7) usingand the fact that w; > 0 for an unstable mode, and by assuming that the
main contribution to the integral is near the critical layer. We assume that thechanges-in
D(W'), & (re(w')), and Va(re(w')) withdepend weakly on w’ aresmalt relative to changes
i1t 1, (re(w’)). In this case, the weight then goes as

re(w 1/2
)2 ~ e = [ D (7.10)

If Eu(re(w) ﬁhm*rgﬁ%—%hﬂv}y—eﬁoﬁgh—wﬁhdependb weakly enough on w’, then the-expresston

i (7.10) is maximized at w’ = wysthis, which means that the resonafrﬁgnce eigenfunc-
tions are those with frequencies closed to w,. Figure 10 shows that the approximation
(7.10) is frexcetent-agreementconsistent with the direct calculation of the weight. Ap-
proximating (7.10) further by assuming that the nominatornumerator is constant leads
to

1 1/2
NIz ot 7.11
2~ | | (r.11)

as obtained by Ref. 7 in the ene-layersingle-layer, zonal, rotating shallow-water model.
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FHowever, this expression;however; is not a good approximation for frequencies outside
the immediate neighborhood of w;, as shown in fFigure 10.

8. Nonlinear evolution of contour-contour versus contour-topography
instabilities

According to the linear stability analysis scheme, at-first-gtance it seems at first glance
that there—shotldn’t—be—anyno substantial difference should exist between the evolu-
tion of the flow in—ecase-offor a CC instability toand that offor a CT instability. After
all, the source of the instability bringscauses the entire system to collectively rotate
and grow; the unstable solutions of the linear stability analysis unstable-solutions-are
written as if the phase-locking is-achievedoccurs immediately. However, in practice, the
phase=-locking is-an evolvingeffectes over time (see, e.g., Ref. 7). If the system is subject
to some random noise, the first two parts to phase-lock are the resonatingnce perturbation
types. Therefore, withover time, they beeomegrow into the dominant grewing perturba-
tions, whereand the rest-of theremaining perturbations are influenced by these firstinitial
eﬁesperturbatlons The subsystem thatin resonatesnce reachesis the first to ) have large-
scale perturbations—first, fﬂtd—corrseqtteﬁﬂyso nonlinear effects become pronounced first
for this subsystem.

We eonductnow discuss high-Reynolds-number simulations employingdone with the
coefficient-form partial differential equation package of the COMSOL, which is software
based on the finite-element method (see Ref. ? for details). The vortlclty—dlffusmn term
vV2Q; is added to the right-hand-sidepartRHS of equations (2.5)-morder to maintain
numerical stability. The resulting coupled system composed of equations (2.4) and the
equation offor PV evolution {[i.e., equation (2.5) supplemented with the diffusion term-]
is solved as an initial-value problem in a two-dimensional (r, 8) rectangular grid with the
limits 1 < r < 30 and 0 < § < 27. The unknown variables are the streamfunction and the
PVs. We apply the periodicity conditions at § = 0 and 6§ = 27 and the no-slip conditions
at both radial boundaries by setting oW, /0r = 9¥,;/90 = 0 at r = 30, and 0¥, /0r =0
and ¥; =0 at r = 1.

The computational domain is 30 x 27 in size and is divided into three subdomains.
The first is a fine-grid domain ‘that covers 1 < r < 1.5 with thea mesh size of 0.05 x 0.033;
it is set off irrerder to be-ableto resolve the viscous boundary layer that may form next
to the cylinder. The second is the main domain and covers 1.5 < r < 20 with thea mesh
size of 0.1 x 0.03. In both these domains, v is set to be 0.0001. The third domain; covers
20 < r < 30; and is set off as an absorbing layer to prevent reflections. fn—erder—tTo
getobtain a reasonable machine time for the evolution of linear instability of the flow, we
add over the entire computational grid a random perturbation to the basic PV field in

the form of Gaussian noise-onthe-entire-computationatgrid. More details on the method
used camrbefoundare available in Ref. 7.

8.1. Contour-contour instability

Figure 11 shows an example of the evolution of an unstable flow in—ease—oforf a CC
instability-is—shown—in—. The flow parameters are the same as infor fFigures 5 and 9as;
namely, Ry = 2.5, Ry = 2.5, 'y = —1, and 8 = —0.5. As is shown in fFigure 5b, the
gravest unstable mode is m = 5, andwhich is indeed this-is the mode that evolveds most
rapidly in the simulation. At-firstInitially, the deformation-of-the contours is-seendeform
at t = 30; the upper contour is tilteds relative to the lower onecontour, and they are
phase-locked and propagate i the clockwise—direction in accordance with the calculated
frequency of the linear stability analysis, w = —0.118 + 0.0814.
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Figure 10: Amplitude of the spectrum of the PV perturbation in the lower layer at
r > Ry (blue solid line), the approximated expression (7.10) (red dotted line), and the
approximated expression (7.11) (green dotted line) for Ry = 5, Ry = 2, I'1y = —1,
8 = —0.1 (configuration B).

Figure 11: Evolution of the relative PV field in the upper layer (upper panel in each
cuplepair) and the lower layer (lower panel in each pair). The basic flow parameters are
Ry = Ry, =25, Ty = -1, 8= —-0.1, and \y = A2 = 0.5 (configuration A); mode 5
is the most unstable. Red/ and blue estoursmarkdesignate positive/ and negative PV,
and greay; designates the island. Time is specified in nen-dimensionatless units at the
upper-left corner of the upper panel in each couptepair.

As is shown at ¢t = 60 and ¢ = 80, the contour perturbations of the-contours excite the
perturbation types outside in the form of waves, which are similar to the stationary waves
founddiscussed in §6.2. Since the baroelinieBC wave mode decreases exponentially with
distance, the BT wave dominat—wave-is—the—barotropic—onees, which decreases only as
r~1/4, This baretropieBT mode has the form of spirals, as was shown for baretropieBT
flows on the beta cone (7). These linear waves appear only in the lower layer, where the
gradient of the basic PV exists.

During the nonlinear growingth of the deformation, five eouptespairs of partially over-
lapping negative (in the upper layer) and positive (in the lower layer) PV patches can be
identified (most clearly at t = 60). These can be viewed as modons, i.e., QG baroctinicBC
vortical dipoles (see, e.g., Ref. 2?7). For each couplepair, the positive part staysremains
attached to the cylinder, whitewhereas the negative part is released and moves more freely
(as can be seen fromfor time ¢ > 160-and-omn). At-firstInitially (¢ = 90), each couplepair
is created such that itits propagation—aimes towards the cylinder;this, which causes the
positive patch to deform and get—closetoapproach the cylinder. Then—the positive patch

then switcheschanges partner and the dipole moves outwards again (¢ = 120). Upon
reaching a maximal distance from the island, the modons swing (¢ = 160) and returns
back to the cylinder. ThenNext, the modons collide, exchange their partners, and new
modons emerge. Bre-toBecause of wave radiation, dissipation, and filamentation, this
time the maximal distance from the cylinder is smaller this time. This process repeats in
a_quasi-periodic manner in a simitar fashion similar to the the barotropieBT evolution
shown byin Ref. 7. At ¢t = 230 the 5-fivefold symmetry is lost, two of the positive parts
in the upper layer leave the cylinder, and the five modons are wandering around.

The evolution in this case of CC instability is very similar to evetutionthat of unstable
barotropieBT flows on the beta cone studied by ?5. tThe main features of the QG evolu-
tion are: the emergence of modons (instead of dipoles in the barotropicBT case), which
having= tendency to move counterclockwises;; the appearance of spiral barotropieBT PV
waves propagating clockwise;; and a quasiperiodic outward and inward motion of the
modons withthat exchange exchanging partners every cycle. The “averaged” beta in this
system can be defined according to the weight of each layer as A\; - 0+ Ao - B = A3, so
it-iswhich gives —0.25 for the evolution in fFigure 11. As expected and as was found in
simulations (data not shown), the maximal distance of the modons increases for weaker
| 3], whereas, for stronger ||, new flow patterns form without the emergence of modons
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Figure 12: Evolution of the relative PV field in the upper layer (upper panel in each
cuptepair) and the lower layer (lower panel in each pair). The basic flow parameters are
Ry =5 Ry =2,T1 =-1, 3=-0.1, and A\; = A2 = 0.5 (configuration B); mode 2 is the
most unstable. Colors and notations are the same as in fFigure 11.

8.2. Contour-topography instability

WhiteWhereas the CC instability resuttsinproduces flow evolutions which-are analogous
to thatose in the barotropieBT case, the CT instability is rather different. The main
reason is that new the dominant interaction is now between one of the contours and
a perturbation at r > Rjy. This perturbation is—reminiscent-ofrecalls the critical layer
solution—as-shown discussed in §7.4, so the contour is in resonatesnce with a thin layer
having—atternatingof PV with alternating signs located at some distance from it. The
resonating parts in resonance are the-onesose havingwith the greatest amplitude—of PV
-perturbation amplitude and thereforethus are the first to reach @ nonlinear saturation
during the phase-locking stage (cf. Ref. 7).

tFigure 12 shows the evolution of CCT instabilityies-isshowninfigtire+2. The flow
is in configuration B, as infor fFigures 6 and 9b, where Ry =5, Ry = 2, I'y = —1, and
[ = —0.1. The resonance is ; between type-B perturbations of the CC subsystem and the
topographic perturbations atfor r > Ry. As shown in Figure 7b, the CCT instability in
this configuration is close to the C;T-instability regime, so the mutual deformation of the
contours significantly deforms C; (¢ = 30), whereas C5 suffers only minor deformations.
By t = 30, a narrow PV ring with m = 2 symmetry forms at r ~ 4.2; this ring is the
collection of critical-layer perturbations with critical layers in the vicinity of r = 4.2
(§7.4).

Out of the initial random perturbations that were inserted into the system, only the
resonant perturbations begin to phase-lock and grow. Therefore, the C; deformation and
the new thin PV ring are the first to grow significantly in this case and reach large-scale
perturbations, where nonlinearity becomes important. Nonlinear effects stop the linear
growth and the thin ring rearranges in the configuration shown at ¢ = 90. This cessation
of growth explains why no dipolar modons emerge, contrary to the CC-instability case
(§8.1), where both contours are significantly deformed.

From ¢t = 90 to t = 230, the flow rotates counterclockwise and completes about three
revolutions in a quasi-stationary manner. This structure is a baroclinieBC version of the
tripolar structure found in the barotropieBT beta-cone model (?, Figure 14) and recalls
the stationary two-layer QG tripole vortices found numerically on the f plane (??) and
that were also investigated on the beta plane (?).

The tripole eventually breaks into two modon quartets (¢ = 260) composed of two PV
patches at each layer. In the upper layer, the PVs of the circle and its adjacent patch
are equal, approximately —1, as was initially the case. In the lower layer, the PVs differ
because only the PV of the circular patch was there initially, its value being approximately
8.32. tThe PV of the adjacent patch, which has emergeds from the interaction with the
upper- layer PV, is 0.3 on average. SinceBecause the positive-PV circular core atin the
lower layer is so strong and only the non=circular patch in the upper layer is “tilted
vertically relative to it, this quartet behaves effectively as a dipolar modon (composed
of thea circular positive vortex in the lower layer and a noncircular vortex patch in the
upper layer) Therefore, after reaching a maximal distance of about 2.8 from the island
(t = 260), the modon swings and comesbackreturns to the cylinder (¢ = 294).
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9. Conclusion

We have investigated herein the possible resonances leading to instability of two-layer
QG circular flows around an island with the sea bottom sloping offshore (8 < 0). The
flow in each layer is composed of one uniform relative PV ring: the outer radius of the
upper (lower) ring is R; (R2) and the nondimensionless PV inside it is 'y = +1 or —1
[I'2, given by (4.3)}]. FheAn azimuthal normal-mode analysis leads to a set of integral
eigenvalue equations whichthat have direct physical interpretation in terms of the possible
resonances of the system.

The—possible—topographic PV perturbations existare possible only in the lower layer
at r > Ry, where a nonzero PV gradient occurs. A continuous set of possible pertur-
bations consists of those having a critical layer. Asymptotically, ats » — oo, these so-
lutions split into two kindstypes;: baretropicBT or barectnieBC modes. When these
modes rotate ClOClese they are ‘wavelike in the radial direction, so—and-therefore—on
the-two-dimenstonal-plane a pattern of spiral PV patches appear on n the two-dimensional
plane. Both—modes;—=Although both modes seem to be neutral in the normal analysis
scheme, the full initial-value treatment shows that they actually decay withover time

At low mode numbers (usually m = 2, 3, 4 for the cases surveyed-in-thispaperdiscussed
herein), the CC resonance is dominantes over the CT interactions, yet the full-system
growth rate is fowerless than expected due-tobecause of the CC interaction alone. Thus,
the coupling to the external topographic perturbations eatses stabilizationrofes the sys-
tem. At larger mode numbers, the CT interaction becomes the only unstable eneinteraction.

For a fixed radius of-the-upperdayerring R; of the upper layer ring, the radius Ry of

the lower layer ring Rz determines the type of resonance that leads to instability. When
the lower ring is sufficiently thin enough (i.e., Ry is—closetoapproaches 1), the dominant
resonance is CTs. iIf I'y = +1 (in which case the flow in both layers is clockwise), then
itthe resonance is specifically CoT, +ezwhich means that the lower ring contour is in
resonatesnce with the topographic perturbations existing outside of it. If I'y = —1 (in
which case the flow in both layers is counterclockwise), then itthe resonance is specifically
C1T, =e=which means that the upper ring contour is in resonatesnce with the topographic
perturbations at r > Ry. The transition from small Ry, where the instability is C; T (or
CyT), to large Ry, where the instability is CC, occurs through the CCT instability. In
this instability, one of the perturbation types of the CC subsystem enters resonatesnce
with the topographic perturbations, but not C; (or Cs) itself.

The resonance otbetween the contours withand the topographic perturbations may be
either dominated either by barotropicBT or baroclinicBC couplings, which are easy to
identify by using “the in integral-equation approach. Usually, the baretropieBT couplings
are dominate (the barotropicBT governor effect), but for a narrow region of the upper
layer of relative thickness A1, the dominant instability is of due to baroclinity. In this case,
the resonance of the contours is primarily with the asymptotic baroetinieBC topographic
mode.

The nature of the instability reflects on the stage of nonlinear evolution stage of the
flow. In case of CC instability, the two contours change significantly during the phase-
locking stage;—this, which leads to modons formation and emission from the island. In
the CT instability the resonance is-withinvolves a collection of topographic perturbations
types havingwith critical layers in proximity to one another. The result is a strengthening
of the PV in a narrow ring at some distance atin the lower layer. This ring interacts with
the contours to form a quasistationary structure (e.g., a tripole) and only at later-times
the-strueture breaks into modons whichthat may be emitted from the island.
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With some minor modifications, the beta-cone concept can be appliedused to the
treatment-of flows in the presence of the conical beta effect ton a planetary scale, namely,
offor the Antarctic Circumpolar Current. In this case, the—equation (2.2) for the up-
per-layer PV is supplemented with an additional background planetary beta term Spr
(related to the gradient of the Coriolis parameter), whileand (3 in the lower layer is re-
placed by Sp + 1 (B being related to the bottom topography); see, e.g., Ref. 7. In this
case more resonances come into play, sincebecause more types of perturbation-types are
added in the upper layer. These issues will be considered separately elsewhere.
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Appendix A. Velocity profile of basic flow

Consider the basic flow, in which the PV in each of the layers is given by (4.1). The
equations can be decoupled by using the following definitions of the BT and BC modes
of the basic flow (cf. ?);:

Qer = MQ1 +X2Q2, VUpr = MUy +XWs,  Bpr = \of, (A1)
Qpc=Q1—Q2, ¥Ypc=Y; -V, f[pc=-0. (A2)

From (A1) and (A 2) we obtain
Q1 =Qpr + X2Qpc, V1 =Upr+ AVpc, (A3)
Q2 = @t — M@Bc, VYo=¥pr—M¥pc, B2 =0T — MifBBC- (A4)

YBy using (A 3) and (A 4) along with (2.4), we arrive at the equations that relate the
modal PVs and streamfunctions;:
Qer = V*¥UpT + BB1T, (A5)
Qsc = V*Upr — A*Upc + Baer, (A6)
where A = A /v A1 2. For definiteness, we assume that Ry > Ry; otherwise the following
expressions should be adapted in a straightforward manner. By using (A 5) and (4.1),
the barotropieBT streamfunction satisfies the equation
1 Al +Ael2, R<r< Ry
Vir + —Whr + fprr = { Aol2, Ry <7 < Ry (AT)
OBerr, Rs <.
The general solution to (A7) is
—&B1rr® + 1 (AT + AoT2)r? + CiIn(r) + Co,  R<r <Ry
Upr = —58s1r° + A2l2r? + C3In(r) + Cy, Ry <r < Ry (A8)
Cs+Cglnr, Ry <.

s known-thattThe expression for the energy of the flow is (see, e.g., Ref. ?)

B=3 [ @R O pards + 302 [y wapraras, (a9)
2 r>R 2 r>R
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imwhichwhere the first integral representsgives the kinetic energy and the second oneintegral
gives the available potential energy of the flow. The potential energy is associated with
the baroelinieBC mode only, whereas the kinetic energy is contributed by both modes.
Therefore, irorder for the kinetic energy to be finite, the contribution to the first integral

in (A9) from the barotropteBT mode should be finite and we must set Cs = 0 in (A 8).
By (A7) the barotropieBT streamfunction is continuous, as-well as is its first derivative
e
Upr(Ry) = Upr(R{), VUsr(Ry)=Vsr(Ry), (A10)
@%T(Rii_) = ‘I’%T(Rf)a \TJ;BT(R;) = @%T(RZ_)' (A11)
From equations (A 10) and (A 11) the four unknowns €7—€7C,C}y are found-to-be
C1 = (1/3)ABR3 — (1/2T B2\ — (1/2)AT2 RS, (A12)
Cy = (1/2)In(R1)RIT1 A — (1/4)RIT1A — (1/3) In(R2) A2 6R3 (A13)
+(1/2) In(R2)A2T2 RS + (1/9)A28R3 — (1/4)AT2 R + Cs,
Cs = (1/3)Aa3R5 — (1/2)AoT'9R3, (A14)
Cy = —(1/3)In(Ry) Ao * betaR3 + (1/2) In(Ro)A\oT2 R3 (A15)

+(1/9) X8R5 — (1/4)XoT2R2 + Cs,.
Using (A1), (A2), and (A8), the azimuthal baretropieBT velocity is via{A+={A2)

—1Bprr? + (AT + Aela)r+ <, R<r<R
Ver = = —2X2f2r? + FAolor + %, Ry <7< Ry (A16)
0, Ry < r.

The velocity is assumed to vanish at r = R; i.e., Vr(R) = 0 (see §4.1). UsingApplying
(A 16) this imposes athe relation between I'y and I'y whichthat appears in (4.3). Due
toBased on the Stokes theorem this is equivalent to the condition of vanishing the total
barotropieBT excess PV (i.e., the PV that resultings byfrom omitting the background
PV) in the two rings: f;ﬂ rV2Uprdr =\ f}gl rLidr + Ao f]f? r(T'sy — Br)dr = 0.

YsingThe use of (A6) and (4.1) shows that the baroctinieBC streamfunction satisfies
the equation

. [\ —Ty, R<r<R
7%C+;\TIIE307A2\IIBC +0scr =4 6ir—T2, Ry <r <R (A17)
Bper, Ro <.

The general solution to (A 17) is

D1 Ko(Ar) + DoIo(Ar) — (Ty — T2) /A% + s 0(iAr)Bpc /A3, R<r <Ry
Upe = { D3Ko(Ar) + Dylo(Ar) + T /A —isgo(iAr)Ba/A%, Ry <r < Ry
D5K0(1~\7“) + D6I0(]\7‘), Ry <1,

(A18)
where s30 is the Lommel function s of order {2,0} (?). For the energy (A9) to be
finite, we must set Dg = 0. The barotropicBT streamfunction satisfies the continuity
conditions at » = Ry and r = Rs, the continuity conditions of its derivative at these radii
{[the corresponding equations corresponding to (A 10) and (A 11) for the bareclinieBC
mode}], and its—vanishingthe condition that it must vanish at » = R. By solving these
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five equations and using the relations

L Ko(hr) = -AKy(Rr), T

_ _ d = 1.~ -
dr Io(A’I“) = AII (A’I“), 55270@/&7") = —521\7'1'[/1(/\7")77

(A19)
(Ly being the modified Struve function (?)), the expressions for Hr—=>H5D1—-Ds can be
found (not given here). The azimuthal bareclinicBC velocity is then

o —D1AK (A7) + DyAL (Ar) + nLy(Ar)Bc/A?, R<r <R,
Vae = ;O = —Dg,/:\Kl(/:\r) + DyAL (Ar) — wLy(Ar)Ba /A2, Ry <7 < R,
—D5AK1 (A’I“>7 RQ <r.

(A 20)
The basic velocity in each layer is then found by using the-equations

Vi =Vt +AVBe, Vo=Ver—AVBC, (A21)
thatwhich follow from the above definitions above (A1), (A 2), (A16), and (A 20).

b)

Appendix B. Barotropic and baroclinic Green’s functions

The barotropicBT Green’s function Ggr(r, ') is defined by the-equation
d*Gpr(r,r")  1dGpr(r,r’) m? , ,
02 +; i — TTGBT(T,T) =d0(r—1"), (B1)
and satisfies the boundary conditions
Gpr(r=R,r") =0, Gpr(r— oo,r")=0. (B2)

The general solution to (B 1) is

ar™ +br ™, R<r<r'
Gpr = { ? (B3)

cr™ 4dr™ o <

Imposing the boundary conditions (B2) we get b = —aR?>™ and ¢ = 0. By (B1) the
Green’s function is continuous at r =17,

Ger(r't,r") = Ger(r'~,7"). (B4)
Integration of (B1) in the neighborhoods of the singularity r = r’ yields
Ger(r't,r") — Ger(r'",7") = 1. (B5)
Using (B4) and (B5), the coefficients a, b, and d in (B 3) are found. tThe solution is

J—m—+1
L R¥mp=m —pm) R<r <!
GBT(T, 7‘/) = ,3%1 ( 2m _ /12m )’ (B 6)
TR T e
2m 2 )
In the same manner, the baroclinieBC Green'’s function G is defined by the equation
d*Gpc(r,r’)  1dGpc(r,r’)  m? A2
: - - - —G " — G N=6(r—1' B7
dr? + r dr 72 Bo(r ) Ao so(rr) (r=r),  (B7)

and satisfies the boundary conditions

Gpc(r=R,r") =0, Gpc(r— oo,7") =0. (BB)
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The general solution to (B7) is (denoting A = A/v/A1Az)

m {de(Ar) + ZNJIm([\T)Z R<r <y (B9)

BC T EKm (A7) + dIL,(Ar), ' <7

Imposing the boundary conditions (B8), we get b = —aK,,(AR)/I,,(AR) and d = 0. By
(B7) the Green’s function is continuous at r = 1/,
Gpco(r't,r') = Gee(r'—, 7). (B10)
Integration of (B7) in the neighborhoods of the singularity r = r’ yields
Gpe(r'™,r") — Gpc(r'—,7") = 1. (B11)

Using (B10) and (B11) and the identity I, Kpm+1 + Imy1 Ky = 1/r (), we get the
solution
' [Ln(AR) K, (Ar) — I, (Ar)K (AR)]M R<r<

Ggpc(r,r) = R _ R (AR)’ - B12
B (1) P [Ion(AR) Ko (Ar”) = I, (Ar") m(AR)]%, < (B12)

We note that both GBTT(,T’T/) and GBCT(/T’T/) are symmetric with respect to switching of the
variables r and r’; this fact is used in §6.

Appendix C. Pseudomomentum continuity equation
Substituting (4.6) into (3.2) gives

881 Vl 881 1 8w1 882 Vé 682 1 81/)2

o o0 Trae Y @ Trae Trae (€1

Multiplying both equations of (C 1) by s; % dQl and integrating azimuthally we-getgives

1dQ, 0 [*" , 1dQ1V1/ Ds? 1/2” oy

—Z=1 7 fnfhuks 204 _z - 92
2 dr at/o G557 ) ) tae®=0 (€2
1dQy 0 [*™ 1dQy Vs / Ds3 1 /2” Oy

282 0 do+ 222 e [T 0%, 1 2 g9 —

2 dr 8t/0 SOt v ) e r ), Bag =0 (C3)

The second integrals in (C2) and (C3) vanish identically. Multiplying (C2) by A;-and,
(C3) by A2, and addingsumming gives

19 [ dQ, , sz 27 o o,

Since ¢ = V¢ — *(1#1 — ) and gz = Vpy + 4= (% ¥2) [by (2.4)] the RHS of (C4)
turns—totakes the form (some of the integrals Vamsh identically),

2m
0
/ <A1V2w1 01 | oV, %) do. (C5)
0
The first term in the integral may be written as

2, 01 10 [ Oy Oy M1 0P\ | 1 0 (01 91
Ve _r8r< 20 8r) 239(&« 8r>+ 2 00 (ao ae)’ (©6)
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and upon substitutiocing of (C6) into (C4), we get

1o [*" d@q o dQa o 1o [ Oy Oy 0o 0o
‘Emé(wmﬁﬁb%ﬁgwﬂwﬁ @wem+Mwa)w

This is the continuity equation for the pseudomomentum appearing in (5.2).

Appendix D. Differential equation for topographic perturbations at
r > Ry

Define the operators

D1:63+%ar—’:—22, D2=63+iar—’7ff—;1\i2, (D1)
which, according to the definitions of the barotropieBT and baroctinieBC Green’s func-
tions (see Appendix B), satisfy

D1Ggr(r,r') =d6(r—1'), Da2Gpc(r,r’) =4d(r —1"). (D2)
Define also

Dgzaf—%ar—’f—;, D4=8§—71,8r—7?22—£i2. (D3)

By impesingapplying the operator D1Ds onto both sides of (6.9), using (3.18) and the
identity

50 () () = (—1)F [ 8(r)f0) (r)dr, (D4)
Ro> Ro

we obtain the following a fourth-order nonhomogeneous differential equation-is-achieved;:
~ DiDyGaa(r, 1)

Tec

DiD2¢(r) =

(D3)
1/r—1/r.
B o o)

s m

1/r—1/r.
G 5(7")] ;

T m

—+ ﬂ/\2D4 + 6>\1D3

where the source term is proportional to §(r — r.) and its derivatives,

D1D2Gaa(r,7c) = DeD1XoGrr(r,re) + DiD1 A Gre(r, 1)

= )\2D25(T — T‘C) + )\1D1(5(7’ — TC)
A2
= Did(r = 1) = 30 = 7e) (D6)
1

()4 LT (7”2 + A2> 5(r —re).

T 7"2 /\1

Appendix E. Poles of response function
FrtThis appendix thederives the types of poles of the response function x(r;rg,w)

defined by (6.30)-are-determined. ByBased on (6.30), for any w # mVa(rg)/ro, X can be
written as
1
x(r;ro,w) = ‘_/Q(T())iw(5(7"—7“0)—&—X(r;ro,w)7 (E1)

T0o m
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where X (r,7o; w) satisfies the-foltowing-equation;

‘72 w . > GQQ(T’ T/) /. ;. G22(7"» TO)
(rm> X(r;ro,w) — B . TX(r,ro,w)dr 75m' (E2)
T0 m

By (E1), a pole exists at w = mVa(ro)/ro-there-is-a—pote. Equation (E2) is singular at
r=r.= (mVa/r) " (w), and so we use the same ansatz as in (6.1)-is-used,

| Bow\_ 8 .
X (r;ro,w) = D(rg,w)d (r - m) —n if(r,ro,w)z (E3)
where now the last term is not defined not via the principal value; and & is assumed
to be a regular function of r. Substitution-ofing (E3) into (E2) results-inthefollowing

eqration;gives

] D(ro,w)Gaa(r,7c) = BGas(r,r") , , Gaa(r,ro)
sm0) = S ), IR FL i
(E4)

By substituting » = R into (E4), thefunetion D(rg,w) can be expressed in terms of &:

o |(V(T)/T)ITC|TC > BGQZ(Ra Tl) /. ’ G22(R7 700)
Dlro,w) = =g Ry |SFT0@) = /R (wm _ i) r,g(’" o W) — S
T’ m To m

(E5)

Byased on (E5), D(rg,w) has poles along the entire segment S;-as-wettas in addition to

the poles of &(r;79,w). The poles of £(r;79,w) also appear also in the second term ion
the RHS of (E3).

Upon solving (E2) for w € 81, aAnother class of singularities appear—upon—sotving

ImposingApplying the operator D1Dy [where Dy and Dy are defined

Fr2)tforw&St.
by (D1)] ento both sides of (E2); and using (D2) and (D 6); resutts—in—thefollowing

equation;gives
DiD, K‘f - w) X(r, To;w)} _ D2 X(r,mo; w)

m r

_65”(7“ —719) +0(r — 7o) /1m0 — (M2 /12 4+ A2/X3)6(r — 10)) (E6)
- Va(ro) _ wro '

The solution to (E6) canmay be found inthefoltowing—way:by first;—we solveing the
homogeneous part, which gives and-find four linearly independent solutions. FhenNext,
in any of the regions Ry < r < 7o andor 79 < r, the solution is written as a linear
combination of the four solutions with a totally of Seight constant coefficients (4four for
each region). In the asymptotic limit r > rg, equation (E2) is the same as (6.1), and
thereforeso only two solutions exist (i.e., the asymptotically BT and BC solutions, see
§4.2). This leaves us with 6six constant coefficients. Applying (E2) and its derivative at
r= Rg produceb T—h@r@*rr@ two boundary conditions that—canbefound at r = Ry by
5, and four equations that match the solutions
and their derlvatlves (up to the thlrd order derivative) on both sides of r = rg. tThe
matching conditions are determined from the delta= terms jon the RHS of (E6). Sothere
areThis makes six (nonhomogeneous) equations for the six unknown coefficients that
we designate as A, Az, —AgAi, Ao, ..., Ag. The equations can be recast to a standard
matrix notation M(rg,w)a = b, where a = (44, ..., Ag) and b # 0. By Cramer’s rule,
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the solutions are A; = Wm, where M;(ro,w) signifiesis the matrix formed by
replacing thecolumn i=th-eotumm of M by the column vector b. Therefore, X (r; 79, w) is
non-analytic when the joint denominator of the coefficients, det(M (rg,w)), is zero. Since

the determinant is a continuous function of w, its zeros constitute a discrete set of points.

Appendix F. Sign of pseudomomentum via slope of dispersion curves

The proof here closely follows that of Ref. 7, thatwhich was—dene—forapplies to
one=tayersingle-layer shallow-water systems. Since the Rayleigh equation (3.4) is well
defined for any m > 0 (not necessarily an integer) here we treat m as a continuous
variable, although in practice it must be an integer [see equation (3.3)]. Multiply the
Rayleigh equation (3.4) by the complex conjugate of another solution Q; corresponding
to a different mode number m,

(‘71(7“) )Q Ql_%@gl_o (Fl)

r

Multiply the Rayleigh equation (3.4) for the other solution by the complex conjugate of
the first solution, and take the complex conjugate of the result:

(Wﬂ~)%% &@@ho (F2)

r

If the perturbation is stable, then &* = &. SubtractingThe difference between the two
equations givesis

0w <, 1dQ,,. =, =
0 (Th m) QlQl r dr ( 1Q1 1Ql) ) ( 3)
O w <, 1dQ, 2o @, dd; m? . -, A .. -
- = = | D — — —0,9] — — Py (D] — D3 F4
('rh m) Qi = r dr ( Ydr? + rodr rz TN 1@ 2) | (F4)
1dQy 2o 1 dd,  m? - A2 .
——— | P —— = — P[P, — — O} (P — D .
r dr ( dr? + r dr rz LTy 1(® 2)

Similar equations can be written for the second layer,

o 1d A2®r Dy dd: w2 .. A% .. -
<m>Q£%%C% %-QQ—ﬂ%@+M%@—ﬁO

dr dr? r dr
1dQ, o5 5 dd,  m? - A2
2N B N 57 SN S3C T
rdr<2dr2+r dr r222+)\2 2(®2 )
(F5)
Multiplying (F4) by rA; and (F5) by r)\g, addingsumming, and then integrating with

respect to r gives, after taking the limit m — m,

M/ r( dQ1|d1\2 Q2|d2|2)dr:—2m Al @1 + Ao | Baf*dr. (F 6)
dm R d?“ r3 R

Using the definition of the pseudomomentum (5.1) we-getgives

d om [
dw/m) ﬂ/ AL|®1[2 + Ag|®o|2dr. (F7)
dm 'r'3 R

The right-hand-sideRHS is always positive, so M has the same sign as d(w/m)/dm.
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Appendix G. Rewriting eigenvalue equation in terms of
contour-contour modes

The two CC perturbations types are denoted by A and B; each type corresponds to
different perturbations of the contours a; and ap and different frequencyies. We write the
perturbations in vector form for ease of notation, so the eigenvectors of the CC system

ol = o] (], = [oae]. @

with eigenvalues w, and wp, respectively. A general perturbation of the contours of the

full system can be written as
{1} —a[m}—i—b[ 15} (G2)
Qi Q24 Q2B

Plugging (G 2) into (4.9) and (4.10) and using the fact that the vectors in (G 1) are the
CC eigenvectors, we get

N o] G R , /
w—ama + ﬂOéle — A / 712( /1 d )77(7'/)d7"/ = i(aalA +baip), (G3)
m m Ry r m

N o] G R , /
Y paa+ Lanph — ﬁAg/ Gar(RBs, 1) 27 )n(r’)dr’ = 2 (aaza +basg).  (G4)
m m Ry r m

Multiplying (G 3) by asp—and, (G4) by a1p, and subtracting we-getgives
° G12(Ry,1")

S

Wq
— (a2 — azaaip)a = —(1a0p — azaa1B)a — ﬁAlazB/ ; n(r')dr’
m m Ro T
o0 G R /
+ BAzap / 722( /2,7" )n(r’)dr'.
R» r
(G5)

Multiplying (G 3) by az4 and (G4) by aj4 and subtracting we-getgives

w w *© Gio(Ry, 7'
“(azaaip — a1402p)b = —(aza01p — a14025)b — BA1a2A/ Mn(r’)dr’
m m Ry T
e R , /
+ BAz014 / CrlBor™) o yar.
Ry r
(G6)
The third equation results from substituting (G 2) into (4.11),
Go1(r, R Gaa(r, R |2
g77(1") =— Ga(r, Ba) (a1 4 + barp) — Gaalr, p) (acza + bagp) + 2(r)77(r)
m R1 RQ (G 7)
> GQ?(rv rl) A
- B 7/77(7” )dr'.

R r



