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Abstract
The aim of the currentis study is to focusexamine students’the mistakes inmade by students i using and writingn the use of of  logical connectives in simplificationwhile simplifying of algebraic equations and inequalities, and  these mistakestoteachers assessment and awareness the extent to which teachers are aware of these mistakes and how they assess them. The study was conducted among 50 ninth grade students and among 63 mathematics practicing teachers of mathematics. The data was collected from two questionnaires:  questionnaires’ student,a questionnaire for students consistscomprising items incontaining inequalities and or equations, and  questionnaires’ teachera questionnaire for teachers that consists comprising students’ solutions of different items. The data was analyzed according to interpretative theory. The findings indicateidentify about common mistakes in students’ utilizing ofthe way students use the mathematical logical connectives orOR, andAND, ifIF … thenTHEN in the manipulationwhen manipulating of algebraic expressions. In addition, the findingsThe findings further indicate that teachers did not aware forwere not aware of students’ mistakesthe errors made by students in writingworking with the mathematical logical connectives, where the most common mistake identified among students was ignoring the logical connective completelyentirely. Moreover, the findings indicated that teachers may assess solutions with wrong using ofas correct even  when they use mathematical logical connectives wronglyas correct solution.
Keywords:  Logical connectives, algebra, inequalities, practicing mathematics teachers.


Introduction
Understanding simplification and solvinghow to simplify and solve equations and inequalities have beenis a topic that has been emphasized inby the National Council of Teachers of Mathematics (National Council of Teachers of Mathematics [NCTM], 2000). It isIt is considered asto be one of the basic mathematical procedures to be studied at the secondary school level and it involves, involving a variety of basic algebraic and arithmetic skills, such as performing rote operations with algebraic symbols and, or applying the quadratic formula (Li, 2007). However, this importantly this important topic of solving equations and inequalities is considered as to be difficult topicsdifficult for students (Cai & Moyer, 2008). Students’ difficulties in simplificationVarious studies have focused on the difficulties experienced by students when simplifying of algebraic equations and inequalities, or manipulating algebraic expressionswas focused in different research  (e.g. El-khateeb, 2016; Samuel, Mulenga & Angel, 2016; Poon & Leung, 2010). The research discussedhas examined differenta variety of aspects, such as the students’ understanding of the equals sign and, their ability to solve equations (Knuth, Stephens, McNeil, & Alibali, 2006) and students’ strategiesthe strategies that students use to in solving solve inequalities (Tsamir & Almog, 2001). However, researchers have not so far paid significant attention to how teachers understand teachers’ understanding of equations and equation solving is not among researchers’ major focuses (Doerr, (2004)., Mmore specifically, there is a need for focusing students using offor closer examination of both how students use logical connectives and how teachers assess their students’ use of logical connectives. Therefore, the current study conducted and teachers’ assessment of their students’ utilizing of logical connective.It is this need that gave rise to the current study, to examinewhich examines instudents’ mistakes the mistakes students make when using logical connectives, and teachers’ responseshow teachers respond to these mistakes. 	Comment by Unknown Author: Not in list of references


Background
Solving equations and inequalities 
By A‘algebraic equations’, we  simply mean those typical types of equations (linear, quadratic, exponential, rational, etc.) introduced in the secondary school algebra curricula. TheAn inequality is a mathematical sentence built from expressions using one or more of the Ssymbols (<, >, ≤ or ≥) to compare two quantities (El-khateeb, 2016. P.p.  124). SolvingTo solve an equation means to find the numerical values  that unknown variable of thethat the unknown quantity can take that makemake  the equalityequation a true statement.  SolvingThe solution of equations and inequalities areis considered to be an important topic in studyingthe study of algebra, specificallyin particular in for studyingthe study of function properties and applications on functions., whichThese require students to be aware of and to understand methods offor finding the solution set different types for each inequality and equation (El-khateeb, 2016). Students haveexperience differenta range of difficulties inwhen solving equations and inequalitiessuch as y,, such as: an  inadequate understanding of the meaning of the equals sign inwhen solving equations (Knuth et al. 2006); inadequate understanding of manipulatinghow to manipulate algebraic expressions and statements (Samuel et al., 2016); lLack of symbolic understanding of variables and coefficients within an equation (Kilpatrick & Izsak, 2008); and changing the direction of the inequality when multiplying by a negative number or due toand for other conceptual errors (El-khateeb, 2016). 
Logical connectives
PropositionalA proposition is “a sentence that is either TRUE or FALSE (but not both)” (Remsing, 2005. Pp. 2). A sentence that contains a ﬁfinite number of variables and becomes a proposition when speciﬁfic values are substituted for the variables is called a predicate (or open sentence) (Remsing, 2005. Pp. 15). The symbols   ¬, ˄, ˅, ⇒and ⇔ will beare called propositional connectives., aAny sentence built up by application of these connectives has a truth value that depends on the truth values of the constituent sentences (Mendelson, 2009 p. 3). The translatingtranslation from a natural language statement to formal logic consider asis seen as difficult for students, and using one connective in place of another is one of the major errors between studentsmade by students (Barker-Plummer, Cox, Dale, & Etchemendy, 2008). In discussing these difficulties, Strannegård, Ulfsbäcker, Hedqvist and Gärling (2010) refers these difficultiespoint out that in English, “or” does not always correspond to the connective ∨, since “or” sometimes translates into an exclusive or OR and sometimes into an inclusive orOR. Similarly, the English construction “if... then...” does not always correspond to the connective →. An ability to understand logical connectives and set operations is vital, then students need systematic , meaning that students need systematic treatment of the logical and set-theoreticof these connectives (Dreyfus & Eisenberg, 1985).	Comment by Unknown Author: Not in references list	Comment by Unknown Author: Original unclear: is this what was meant?
Teachers’ mMathematical content knowledge and pedagogical knowledge held by teachers
Content knowledge (CK) includes the structure of knowledge, facts, theories, and principles in the field (Shulman, 1986). The mMathematical content knowledge includes common content knowledge and specialized content knowledge (Ball, Thames & Phelps, 2008). The former relates to the content of the curriculum, concepts, procedures, and the ability to read and write concepts and notions correctly. Specialized content knowledge refers to the knowledge and skills unique to teaching (Delaney, Ball, Hill, Schilling, & Zopf, 2008). It includes an understanding of mathematical structures, which enables enables the treatment of tasks that requiretasks to be tackled that require significant mathematical resources (Ball et al., 2008). Pedagogical content knowledge (PCK) is the knowledge needed to make subject matter reachableaccessible to students (Shulman, (1986), it isand combines an understanding of both content and pedagogy (Ball, Lubienski, & Mewborn, 2001). It is comprisingcomprises an awareness of students’student difficulties and misconceptions aboutrelating to the concepts being taught, an understanding of different waysmethods used in taught and represented specific contentspecific or representative taught content, and an understanding of the teaching methods that make learning easy or difficult (Shulman, (1986). Ball et al., (2008) separated mathematical pedagogical content knowledge into two subcategories: Kknowledge of content and teaching, and knowledge of content and students. The earlierformer combines knowledge about teaching with knowledge about mathematics. Teachers need to be aware to the instruction designof how to design instructions, the various representations of the explanatory conceptconcept being explained, and how to evaluate these representations (Ball et al., 2008). The latter, is a type of pedagogical content knowledge that combinesinvolves an understanding of students which include, including awareness of how students think about, know, and learn thisthe specific mathematical content (Hill, Ball & Schilling, 2008).	Comment by Unknown Author: Original unclear: is this what was meant?	Comment by Unknown Author: Is this what was meant?
TeachersThe MCK and MPCK held by teachers aboutrelating to solving  equations and inequalities solving should include: mathematical procedures, algorithms, routines, skills, conceptual understanding, and procedureal knowledge. Studying mathematics teachers’ conceptions ofA study of how mathematics teachers understand these issues could provide a better understanding of their teaching practices and influences on their students’ learning.what and how their students learn.
The study’s questionsQuestions posed by the study
1) To what extent do ninth grade students have difficulties inwith logical connectives? and wWhat are their major difficulties?
2) How do teachers respond to students’ mistakesthe mistakes students make when inusing logical connectives? How do they assess student’s mistakesmistakes made by their students? 
 
Method
Participants: The study was conducted among 50 ninth grade students and among 63 practicing teachers of mathematics practicing teachers. The students arecame from two nineth grade classes from north Israel,. tThe students in each classclass consider withhad different mathematical achievementsabilities, but each class had average performance based on thebut the achievements of each class in mathematics consider as in average according to national mathematical exams in Israel. The practicing teachers were all ninth grade mathematics teachers and were participated inon a voluntary baseis; all of them teaching mathematics for ninth grade;. A description of the participants' background is displayed in Table 1. 
Table 1. Distribution of the Pparticipants Aaccording to Bbackground Vvariables 
	Variable
	Categories
	Practicing teachers

	Gender       
	Female
	84%

	
	Male

	16%

	Level of mathematics at high school
	Basic 
	1.6%

	
	Intermediate 
	42.8%

	
	Advanced 
	46%

	
	

	Teacher training institution
 
	College
	74.6%

	
	University
	20%

	
	
	

	Teaching experience


  
	1-5 years
	60.3%

	
	6-10 years
	19%

	
	11-15 years
	6.3%

	
	More than 17 years	Comment by Mair: Should this be 15? Or is 15-17 years missing?
	12.7%

	Current school
	Elementary
	44.9%

	
	SecondaryHigh school
	55.1%



Data source:    The data was collected from two sources: students’ questionnaire and teachers’ questionnaire.a questionnaire for students, and a questionnaire for teachers.
[image: ]Students’ questionnaireQuestionnaire for students: The questionnaire consistscomprised ten items, the items are about containing existence statements and algebraic simplification which need using ofs requiring the use of propositional connectives. Following sSome examples from the questionnaire:
1) If [image: ]          then 
2) If [image: ]          then  [image: ]    
3) Solve the equation    (x2-3x+2)2 + (x2-6x+5)2=0 
4) Solve the equation    (x2-3x+2)2 · (x2-6x+5)2=0 
5) Solve the inequality    x2  > -1 
Teachers' questionnaireQuestionnaire for teachers:  The questionnaire containscomprised ten items, each item includes. Each item contained a question involving existence statements and algebraic simplifications which need usingrequiring the use of propositional connectives.  Each question f, followed withby different student solutions and . tThe teachers needwere asked to evaluate by points from 0 to 10 eachto score the solutions on a scale of 0 to 10 and explain their decisions.  Following sSome examples from the questionnaire:
1) When the question: “solve the inequality x2  > 1” is given forto ninth grade students we getreceive the following eight answers:
1.1  	x2>1 ⇒   x> ±1
1.2   	x2>1 ⇒   -1>x>1
1.3  	x2 >1 ⇒   x>1 also x>-1
1.4  	x2>1 ⇔   x>1 or x<-1
1.5  	x2>1 ⇔   x>1 and x<-1
1.6  	x2>1 ⇔   x>1, x<-1
1.7      x2>1 ⇔   x≠ ±1 and x≠0
1.8      x2>1 ⇔   x≠1 and x≠-1 and x≠0
2) Below sStudents’ solutions forof the following equation: 
				 			                     (x2-7x+12)2 + (x2-4x+3)2=0
(x2-7x+12)2+(x2-4x+3)2=0 ⇔                 
			                       x2-7x+12=0, x2-4x+3=0   
                     (x-3) (x-4), (x-3)(x-1)         
                    x=3, x=4 ,   x=3, x=1  

				 			                     (x2-7x+12)2 + (x2-4x+3)2=0
(x2-7x+12)2+(x2-4x+3)2=0 ⇔                 
			                       x2-7x+12=0, x2-4x+3=0   
                     (x-3) (x-4), (x-3)(x-1)         
                    x=3, x=4 ,   x=3, x=1  
Data analyses
Analysis of Tthe data obtained from the students’ questionnaire The analyses was conducted in two phases, i. In the first phase, we analyzed the students’ solutions, through this phase we categorized students’ solutions toclassifying them into four categories: correct answer, correct algebraic manipulation but incomplete explanations of the answers (orOR, andAND, ifIF), wrong answer –— mistakes in algebraic manipulation, and notn- solved. In the second phase, we focused on the second category, looking  which focusedat the mistakes made inusing logical connectives., tThe data was analyzed according tousing the constant comparison method (Glaser & Strauss, 1967). We identifiﬁed, grouped and categorized mistakes’ typestypes of mistakes inusing the logical connectives, derived categories were derived from the data set and were comparedthen compared with the rest of the data set. For each error category, we calculated the percentage of its appearance how frequently it occurred in students’ solutionsthe students’ solutions.  	Comment by Unknown Author: Unclear: if the mistakes have been categorized, how can the categories be derived from the data set.

Do you mean: divided the data set into categories, and them compared each category with the rest of the data set

The data obtained from teachers’ questionnairethe teacher questionnaire was, used to collocatedcalculate the means of scores for each items, and thethe frequencies of assessment by full scoresfrequency that full scores were awarded by the teachers among the teachers across analyzed against the different years of experience in teachinglengths of teaching experience. 

Findings
First we will presentWe begin by presenting the findings obtained fromrelating to students’ difficultiesthe difficulties experienced by students whenin solving equations and inequalities with focusing the. Our focus is on difficulties iusingn logical connectives.; then weWe then present the findings obtained from teachers’the  questionnaire for teachers; in particular, and their assessment to the students’ solutionshow the teachers assessed the students’ solutions.
Students’ difficulties inwhen solving equations and inequalities
Students solutionThe solutions of equations and inequalities given by the students can be categorizingdivided into to four categories: correct answer; correct algebraic manipulation but incomplete explanations of the answers (orOR, andAND, ifIF), wrong answer, and non-t solved. Table 2 presentedshows the distribution of solution categories over allacross the 10 items over all the 50 students.
Table 2. Distribution of solution categories over allacross the 10 items over all students (n= 50) 
	Category
	Distribution
	Examples from students’ solutions

	Correct answer
	12%
	x2 > 1
x>1  or  x< -1


	Correct algebraic  manipulation but incomplete explanations of the answers (orOR, andAND, ifIF)
	38%
	(x2-3x+2)2 + (x2-6x+5)2=0
(x2-3x+2)2+(x2-6x+5)2=0 ⇔
x2-3x+2=0, x2-6x+5=0
(x-1) (x-2), (x-5)(x-1)
x=1, x=2 ,   x=5, x=1


	Wrong answer –— mistakes in algebraic manipulation 
	32%
	

1
1
1

	Notn solved
	18%
	-



The findings obtained fromshown in Table 2 emphasizedmake it clear that difficulties inwith the logical connective isrepresent the main most common difficulty inexperienced by students when solving equations and inequalities among students. The findings indicated that more than one-third of the students’ solutions wereerrors made by the students occurred when manipulatingin the logical connective. Focusing on students’ mistakes inwhen using the logical connective, we identifiedwere able to distinguish five types of mistackes: (1) Ignoring the logical connective, t: the students did not write any logical connective while doingcarrying out the algebraic manipulation; (2) iIgnoring the logical connective and replacedreplacing themit by commawith a comma:s, the students positionedinserted commas when there is a need for logical connectivewhere a logical connective was needed; (3) replacement theReplacing the logical connective “ORor” bywith “ANDand” and, or versevice versa, thea: the students did not distinguish the correct logical connective words; (4) replacement theReplacing the logical connective “andAND” withby “ALSOalso”,: the students used the word also”ALSO” as a logical connective; (5) wrongIncorrect interpretation of the logical connective, : the students used a logical connective word,s but they made wrong interpretation of these wordbut chose the wrong interpretation for the word, they did not understand the meaning of “and” , “or” as they fail to correctly understand the meaning of e.g. “AND” or “OR”, and thus obtained the wrong final answer., so the get wrong final answers. Table 3 presentshows the distribution of these mistakes in mathematical logical connectives..
Table 3. Distribution of the different types of mistakes in mathematical logical connectives
	Category
	Student belong tos in identified category
	Examples from students’ solutions

	Ignoring the logical connective
	64%
	

1  
-6          
-2


	Ignoring the logical connective and replaced them by commasIgnoring the logical connective and replacing it with a comma
	12 %
	x2-3x+2)2 + (x2-6x+5)2=0
(x2-3x+2)2+(x2-6x+5)2=0 ⇔
x2-3x+2=0, x2-6x+5=0
(x-1) (x-2), (x-5)(x-1)
x=1, x=2, x=5, x=1


	Replacement the logical connective “or” by “and” and verse versaReplacing the logical connective “OR” with “AND”, or vice versa

	2%
	X2>1
X2=1
X=±1
x>1 and x<-1


	Replacement the logical connective “and” by “also”Replacing the logical connective “AND” with “ALSO” 
	10%
	(x2-3x+2)2 + (x2-6x+5)2=0
x2-3x+2=0   also  x2-6x+5=0
(x-1)(x-2)=0  also  (x-1)(x-5)=0
x1=1, x2=2  also x1=1, x2=5
x1=1, x2=2  also x2=5


	wrongIncorrect interpretation of the logical connective
	12%
	(x2-3x+2)2 + (x2-6x+5)2=0
(x2-3x+2)2+(x2-6x+5)2=0 ⇔
x2-3x+2=0 and    x2-6x+5=0
(x-1) (x-2)=0 and (x-5)(x-1)=0
x1=1 x2=2     and     x3=5 x4=1
The answer is x= 1,2,5



The findings presented in Table 3 present different types of mistakes in logical connective. ATable 3 shows that almost two -thirds of students ignored the logical connective:, they getreached the final simplestfully-simplified equation or inequality,ies andbut did not connect between themthe parts, for that they did not succeed to get theand thus did not successfully reach a final answers. 
How teachers Teachers’ aasssessment ofed students’ mistakes inwhen using mathematical logical connectives
The findings revealed that teachers assessed differentvarious answers with mistakes in the logical connectives as a complete answers and withawarded full scores. The mean of scores that teachers give for all the items in the questionnaire with wrong inFor the items where  logical connectivelogical connectives where used wrongly, the mean score given by the teachers ranged between 5.26 points toand 9 points. Table 4 presentedshow s different items incontaining equations and inequalities, student answers with mistakes in the logical connectivesexample student solutions using the logical connective wrongly, and distributionsthe percentage of teachers who rankedmarked theeach solution as completedcorrect with 10 points (full scores)with 10 points (full score).	Comment by Unknown Author: Original not clear (what is meant for the “range” of means), is this what was meant?




Table 4. Distribution of teachers’ assessment to solutionPercentage of teachers who assessed solutions with mistakes inusing the logical connective as the correct solution (i.e. awarded full scores).
Level of  algebraic manipulation
Examples of Iitems
sStudents’ solutions

CAssessed as correct solution
(Full scoresfull score)
Simple   algebraic manipulations
x2>1
x2>1 ⇔   x>1 also x<-1
8%


x2>1 ⇔   x>1, x<-1
28.6%


x2>1 ⇔   x>1 and x<-1
22.2%

More Ccomplicated  algebraic manipulations 




⇔x2-3x+2=0 , x2-6x+5=0
(x-2)(x-1)=0, (x-1)(x-5)=0
⇔ x=2, x=1, x=1, x=5

44.4%







=


=

17.5%





















So 


So the answer is 5 also 17
63.5%



The findings indicate that some teachers assess students’ solutions with mistakes in logical connectives as completed answerstreated solutions as correct that had mistakes in the use of the logical connective as correct.  The findings indicated that tThe level of algebraic manipulation eappears to affect teachers’ assessmenthow the teachers assess the solution. TBased on the findings in Table 4 indicate , it seems that the teachers ignore the logical connective when the item needs more algebraic manipulation,. For example, for such the fourth item                         , ( ),  the 63.5% of teachers considered the answers as completeawarded a full score. By contrast, when the same mistake was made with the logical connective in while thethe first item (x2>1), with the same mistake in the logical connectives only one-fifth of the teachers giveawarded a full scores. 
The findings indicate that teachers’ teaching experiencethe length of experience a teacher has affects their assessment of studentshow they assess their students’ mistakes inin use of the logical connective throughwhen solving equations and inequalities.; Figure 1 presentshows the distribution of teachers with different lengthsyears of teaching experience (1-5 years; 6-10 years; 11-15 years and above 16 years) and their assessment of students’ mistakes in using the logical connective.

 S1, S2 and S3: Needed a simple algebraic manipulation
C1, C2 and C3: Needed a complicated algebraic manipulation 

Figure 1: Distribution of the teachers' assessment according to their teaching experience
S1, S2 and S3: Needed a simple algebraic manipulation	Comment by Mair: Suggest adding "Years" or "Teaching experience in years" above the legend
C1, C2 and C3: Needed a complicated algebraic manipulation 

Figure 1: Distribution of the teachers' assessment according to their teaching experience
 
Figure 1 presentshows that teachers with more teaching experience mostly ignoringignored students’ mistakes inusing logical connectives, while and teachers with lower years’fewer years of experience (1-5) more consideredpaid more attention to the mistakes in the logical connectives and did not give award full scores.
Discussion
The aim of the current study is to focusThis study looked at the mistakes students make students’ mistakes inwhen using and writing  of logical connectives in solvingduring the solution of algebraic equations and inequalities, and and examineexamined teachers’ assessment and awareness toof these mistakes. The main findings indicated that student succeeded in manipulation ofs successfully manipulate the algebraic expressions but they have difficulties in writing the logical connective correctlyapplying the logical connective correctly. In addition, the findingsThe findings furthermore revealed that teachers assess different a range of answers with mistakes in the logical connectives as a complete answers and withaward full scores.
The current study’s findings accordingrelating to students’ mistakesthe mistakes students make inwhen solving of algebraic equations and inequalities indicated that the most problem among students was inindicate that most of the problems are related to the logical connectives. The different types of mistakes associated with thein logical connectives addressedsuggest that students did not aware toconsider the final answers, theyand did not asses evaluate their solution if itwhether their solution found the correct answers (Vaiyavutjamai & Clements, 2006). Focusing on the types of mistakes in associated with logical connectives, it is evident reveals that the most common mistake was ignoringto ignore the logical connective – , almost two third of students ignored the logical connectivemade this error. In which students ignore the use of logical connective, students either did not put a logical connective or. The fact that students ignore the logical connective “OR” is supported by are supported by Almog and Ilany’s (2012) study (2012), which was conducted among students in grade 12. Similar difficulties were reported by Tsamir and Almog’s (2001), theywho applied the square root property to equalities to found that the ignoring of use the connective words was revealed inreveal how the logical connectives were being ignored applying the square-root property to inequalities; For example,. Sstudents applying the square-root property to e.g. x2> 81 would provide the following solution x> ±9, instead of x < – 9 or x > 9.  The category of errors which occurred the least among the students was The lowest distribution of errors among students was the use of the wrong connecting word between the inequalities expressionsthe expressions in the inequality — e.g. using “OR” in the solution where they should have used “AND”, or vice versa in their solutions they used “or” when they should have used “and”, and vice versa., Neimark (1970) describesd  this mistake as interpreting the set union (A or B) as a set intersect (A and B).	Comment by Mair: Is this the intended meaning?	Comment by Unknown Author: or … is something missing here?
The findings from the student questionnaires emphasized provide support for the recommendation made by  El-khateebs’ (2016) recommendation, that teachers must explain and discuss the meaning of the logical connective, e.g. by clarifying such the meaning of the word (orOR) when writing out the solution set.  However, the when evaluating how findings of the current study according to the teachers’ assessment of students’ solutionteachers assess their students’ solutions sof algebraic equations and inequalities, the study found, indicated that teachers did not aware todid not appear to be aware  students’ mistakes in logical connectiveof the mistakes being made by the students when manipulating the logical connectives. Teachers assessed solutions with which made mistakes in logical connectiveincorrect use of the logical connective aeas complete solutions with and awarded full scores; particularly, when, particularly for the questions are more complicated questions. This phenomenon was more commonly exhibited more among teachers with morelonger teaching experience in teaching. While Li’s (2007) study reveals highlighted three topic areas in solving equations in whichwhere teachers’ understanding of the mathematical subject matter understanding  should be strengthened: the balancing method, the concept of equivalent equations, and the properties of linear equations in their general forms. We suggest to addednow propose addition of a fourth topic that, emphasizing the logical connective. 
[bookmark: _GoBack]We thinkbelieve that teachers’ responses to the mistakes in the using logical connectives and students’ difficulties in this topic are related. So tThe current study’s recommendation from this study is therefore is to strengthening the presentation  correct presenting of logical connectives among to students; in addition to enhancing, and at the same time enhance teachers’ awareness for of the importantce of correct writing of the logical connective wordswriting and using the logical connective words correctly. We recommend to work with teachers and with studentsworking with both teachers and students, because teachers’ knowledge for teachingteaching knowledge and their students’ understanding are tied together. 
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