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Abstract 
The post-buckling behavior of a clamped-clamped elastic fiber constrained inside a rigid circular cylinder is analyzed theoretically, numerically and experimentally. The focus is on characterizing the contact configuration between the fiber and the cylinder wall during initial post-contact stages of the fiber defo03.rmation, in which only a small segment of the fiber length makes contact with the cylinder wall. This is the first time a fiber behavior study has been done in a cylinder, where an in-depth analysis of the fiber deformation stages has been performed at different load. The analysis was performed using various tools, including representative experiments, image processing for the experimental results, analysis of the finite elements of the experimental system, and analytical models for all stages of deformation from the onset of the fiber load until the transition to 3D deformation. The main experimental challenge is to identify regions of contact between the fiber and the cylinder wall, and to distinguish them from segments of the fiber that are very close to the cylinder wall but make no contact with it. To this end, we employ a novel experimental setup consisting of a transparent rigid cylinder filled with an opaque milky fluid, combined with image processing and synchronized force measurements. The results agree with published theoretical predictions that are based on a simplified theoretical model assuming a perfect fiber and no friction under the restriction of initial diminutive geometrical imperfection. Supported by finite-element (FE) simulations, we find that friction increases the measured force for the same level of ends shortening but has a small effect on the overall behavior. In contrast, the initial geometrical imperfection may significantly affect the force-displacement relation and the evolution of the contact configuration. Both symmetrical and anti-symmetrical initial imperfections of the fiber shape are analyzed theoretically, whereas the symmetrical made has been checked experimentally. The study provides insights regarding the influence of relevant parameters on the behavior of such systems that may have practical implications in the fields of stent procedures, medical endoscopy, deep drilling, and the mechanics governing the growth of roots and plants. 
1. Introduction 
The post-buckling behavior of a linearly elastic fiber subjected to lateral constraints is of practical importance in a variety of fields, ranging from medical procedures (such as in vivo diagnosis) to engineering applications. Examples of applications in the field of medical procedures include the threading of fiber for the purpose of medical imaging or for catheterization of the heart, urology ways and blood vessels. Understanding the nonlinear behavior of such systems, and in particular, the forces exerted by the fiber (the guidewire) on the constraining walls (artery) are greatly important in order to guarantee the safety of the procedure [1]. In rare cases, the extensive deformations of the guidewire can result in the fracture of the guidewire or cause damage to the artery during the intervention procedure [2, 3]. Other applications include the internal examination of pipe systems, the insertion of artificial fibers in industrial crimpers, drilling of wells from a platform to reach deep hydrocarbon or gas reservoirs [4], effects of delamination in composite materials [5, 6], the insertion of paper into toner, growth of plant roots [7], and the growth of filopodia in living cells [8-11] .
Originally, the engineering community was mainly concerned with ways of avoiding large deformations followed by buckling, and the scientific discussion focused mainly on assessing critical forces [12-15]. In the last half of century, starting in the early sixties, theoretical models of the post-buckling behavior began to emerge. These early works focused on formulating and solving problems of (laterally-unconstrained) compressed columns and curved beams subjected to various types of boundary conditions [16, 17]. In the last few decades, the interest in post-buckling behavior of laterally constrained fibers has constantly grown. Theoretical and experimental studies have shown that a bi-laterally constrained fiber undergoing plane deformations exhibits an intriguing behavior, and the studies presented a rather rich sequence of events under a controlled axial end displacement [5, 18-20]. This sequence includes the formation of discrete (point-contact) or continuous (line-contact) regions of contact between the fiber and the constraining walls, and the instantaneous transition from one equilibrium configuration to another due to the onset of local instability. The specific details of these events and their dependence on parameters such as slenderness of the fiber, the ratio between the fiber radius of gyration and the gap between the walls, the bending stiffness of the fiber, loading rate, and friction can be found [21]. Theoretical studies have adopted various strategies and simplifying assumptions, such as fixed constraints, frictionless walls, or assuming small deformations [4], and focused mainly on studying the range of possible equilibrium configuration and the evolution of contact between the fiber and the constraining walls [4]. Also, numerical methods were employed to study the planar deformations of fibers subjected to more complex lateral constraints, such as non-parallel walls, non-continuous and curved surfaces [22-28]. Only a handful of studies consider the effects of friction [29], and an even smaller body of work have considered the realistic case of compliant (deformable) constraining walls [30, 31]. 
The three-dimensional (3D) response of a fiber constrained inside a rigid cylinder has also received much attention [32]. Here, in addition to the formation of discrete and/or continuous contact regions, a transition between planar deformations and three-dimensional configurations occurs. Typically, the initially straight elastic fiber buckles into a planar sinusoidal shape when subjected to edge-thrust. As the edge-thrust increases, the fiber contacts the cylinder wall, switches to a non-planar deformation, and eventually twists and adopts a helix-like shape. In some applications, such as oil well drilling, understanding the details of this behavior is crucial. In particular, once the fiber contacts the wall, the effectiveness of the drilling operation is dramatically decreased. Moreover, locking might occur when the fiber takes a helix-like shape with extensive wall contact. A similar phenomenon also occurs in stent operations [2, 3, 21, 33]. Studies of the (3D) deformations of a laterally constrained fiber have also been performed in the context of delamination occurring in fiber-reinforced composites, [34, 35]. 
Theoretical studies investigating the (3D) deformations of a fiber constrained inside a cylinder can be roughly divided into two main categories. The first category assumes that the constraining cylinder is slender and the deformation of the fiber is small, thus making the assumption of small-rotations applicable. Different formulations for the critical loads and post-critical configurations were studied, and some studies consider the effects of friction [21], gravity [36, 37], and the inclination angle of the constraining cylinder [13, 38]. In the second category of studies, finite deformations are accounted for and the elastica theory is commonly adopted to describe the nonlinear behavior of a fiber undergoing finite deformations. 

Almost all theoretical works studying the finite deformations of a fiber constrained inside a cylinder have focused on the final stage of the fiber deformation where almost the entire length of the fiber contacts the cylinder wall and the fiber adopts a helix-like deformation [8-11]. The studies in [17, 37] are some of the earliest in this respect in which an energy method was used to extract the relation between the edge-thrust and the pitch of the circular helix. To date, very little attention has been given to the initial (post-contact) stages of the fiber deformation, following the first contact between the fiber and the cylinder wall. In this respect, the works of [39-41] provide valuable theoretical, numerical, and experimental information; here, focus was placed on extremely slender cylinders (inner radius to length ratio of ~) and on horizontal configuration, causing 90% of the fiber to be initially in contact with the cylinder even before the external load was applied. In the work published recently by Chen and his collaborators [42, 43], a rigorous theoretical model was developed to describe the post-buckling behavior of a perfect fiber inside a rigid and frictionless cylinder. Before external force is applied, the fiber is perfectly aligned in the center of the cylinder, making no contact with the cylinder wall. Numerical results considering a relatively large inner radius to length ratio of ~[image: ]have demonstrated the many possible equilibrium configurations and contact characteristics between the fiber and the cylinder wall. However, there is luck of experimental studies that systematically investigates the post-contact characteristics in such systems. The goal of the present paper is to progress towards bridging this gap. We systematically study the initial deformation stages of a fiber constrained inside a rigid cylinder by means of novel experiments as well as finite-element (FE) simulations. Special effort has been placed on developing an experimental method that enables the identification of contact characteristics between the fiber and the cylinder wall. This identification is a challenging task since even if a transparent cylinder is used, the curvature of the cylinder strongly affects the optics and makes it practically impossible to categorically identify contact (or non-contact) between the fiber and the cylinder wall. The approach we adopted based on filling the transparent cylinder with an opaque white fluid and using a dark fiber and combining post-experiment image processing with synchronized force-displacement measurements has enabled us quantitative identification of the deformation pattern and corresponding contact characteristics. Comparison of the results with the theoretical predictions of [42] provides valuable information regarding the applicability of the assumptions considered in that model. 


1.1. Brief review of available theoretical predictions


Since the model and results of [42] are highly relevant to the current contribution, we briefly review its main theoretical considerations and predictions in the this section. In preliminary work, Chen and Fang [43] adopted the assumption of small deformations to study the post-buckling of a fiber constrained inside a rigid cylinder. The model considered a slender, isotropic, linear elastic, and perfect fiber (no geometrical or material imperfections) of length [image: ] and circular cross-section (bending stiffness), where the quantity[image: ]represents the flexural rigidity of the beam in the plane of bending, that is straight and stress-free prior to loading. The effects of gravity and friction were assumed negligible, and clamped-clamped boundary conditions were considered, i.e., one end of the fiber is completely fixed (zero displacements and rotations) at the center of the cylinder cross-section while the other end can only move along the axis of the cylinder. The effects of the edge-thrust on the fiber deformation and corresponding contact configuration were investigated. According to this model, the transition from 1-point contact configuration to 2-point contact configuration occurs at edge-thrust of , which corresponds to the critical (Euler) buckling load of a clamped-clamped column of length [image: ]. Interestingly, it was found that this transition involves a “jump” in the ends shortening. It has been argued that this peculiar jump phenomenon is due to the limitation of the small-deformation theory. In order to remedy this deficiency, a theory associated with the elastica model was developed in [42] (a similar approach was applied in [44, 45] to study the deformation of a fiber subject to end-twist rather than end-thrust). All the previously mentioned model assumptions of [43] were adopted in [42] except for the assumption of small deformations. Also, it was found that, contrary to the small-deformation theory, the planar 1-point contact evolves to spatial (3D) 1-point contact first and then gradually transforms to the 2-point contact configuration. Further, seven deformation shapes, each characterized by a different contact configuration, were identified: (1) no-contact, the fiber “buckles” into a curved shape as force approaches Euler’s critical load; (2-1) contact forms between the fiber and the cylinder,  leading to a planar (2D) 1-point contact configuration, resulting in a sharp increase of the fiber response slope; (2-2) the fiber switches to a spatial (3D) 1-point configuration, which resulting in a significant decrease of the slope; (3) gradual evolution of a 2-point contact configuration; (4) three-point contact configuration; (5) point-line-point contact; (6) 1-line contact; and (7) three-line contact.
In this paper, we investigate the mechanical response of a fiber undergoing large deformation inside a stiff cylinder by comparing different FE simulations, experiments, and theoretical predictions. This paper is organized as follows: In Sec. ‎2, we describe the method and materials that include an experimental system, image processing, and numerical simulations to characterize the contact configuration between the fiber and the cylinder wall during initial post-contact stages of the fiber. In Sec. ‎3, we discuss the experimental, image processing, and numerical simulation results and compare them with the results from the theoretical predictions. Lastly, Sec. ‎4 summarizes the main conclusions drawn from this study and identifies problems for future research. In addition, symmetrical and anti-symmetrical initial imperfections of the fiber shape are analyzed theoretically, whereas the symmetrical mode has been checked experimentally.


2. [bookmark: _Ref530928407]Materials and methods
2.1 [bookmark: _Ref504911074]Description of system




The theoretical predictions assume the following: the thin elastic fiber of length [image: ]with circular cross-section is inextensible and unshearable; the fiber is uniform in mechanical properties along its length [image: ] and is stress-free when it is straight and untwisted, the fiber deformation is constrained inside a straight cylinder with radius, and the centerline of the constraining cylinder coincides with the unstressed straight fiber. Gravity and friction force are not considered. The diameter of the fiber cross-section is negligible compared to that of the cylinder. We consider the deformation of the fiber when it is subject to prescribed edge-thrust and under the constraint of the cylinder. It is assumed that the fiber is completely fixed at one end and not allowed to rotate about the longitudinal axis. At the other end, the fiber is clamped laterally but is free to slide longitudinally. The solution method in theoretical predictions must envision first what the deformation pattern is, such as 1-point contact or 2-point contact. In the early stage of the deformation sequence, they are guided by previous experiences from the small-deformation theory, leading to point-line-point contact. Then, the constrained elastic deformation depends on the radius of the constraining cylinder. Based on , the ratio between cylinder radius [image: ] and fiber length , for a relatively slender cylinder, such as [42], the early stages of the deformation sequence are similar to the stages obtained from the small-deformation theory, and the stages are 1-point, 2-point, three-point, and point-line-point contact deformations. However, some fundamental differences exist between small-deformation theory and elastica model, even in this early stage of deformation. 
According to small-deformation theory, the 1-point contact deformation only exists in planar form; while in the elastica model, the 1-point contact deformation of the spatial form also exists. In addition, according to small-deformation theory, the point-line-point contact deformation is the final stage of the deformation. Also, as the radius of the constraining cylinder increases, the deformation patterns become less complicated and the number of deformation patterns before the two end clamps meet decreases. As expected, the difference between the small-deformation theory and the elastica model grows as the radius of the constraining cylinder becomes larger. In the case when[image: ]is larger than 0.384 [42], the constraining cylinder has no effect on the elastica deformation.
2.2 [bookmark: _Ref28594595]Experimental system



Experiments were performed with an Instron 4483 machine, on which the designated experimental system was installed, see Fig. 1. The experimental system includes a CSN EN 10270-1 steel wire fiber with length of [image: ]long and radius [image: ]inside a transparent cylinder (radius ) filled with an opaque white fluid (metalworking-cooling fluid, PVR-925S, mixed with water). Due to the inherent curvature of the cylinder, which strongly affects the optics, it is practically impossible to identify the onset and progress of contact between the fiber and the cylinder wall. Filling the transparent circular cylinder with the opaque white milky fluid enables the identification to trace the progress of these contact regions, as explained below. Special adapters were designed and installed to impose clamped boundary conditions at both ends of the fiber. Then, the lower adapter was fixed to the cylinder while the upper one was attached to the moving arm of the Instron machine, so the fiber coincided with the symmetry axis of the cylinder at the start of the experiment. During the experiment, the distance between the two ends of the fiber was slowly decreased, upon lowering the upper end, by the Instron machine; this process resulted in the bending deformation of the fiber constrained by the cylinder. Our method in which the distance between the two ends of the fiber is shortened while the length of the fiber remains constant differs from the method in [34], where the fiber is injected from the left to the right and pulled over two feeder rollers through a slave injector and forms a slack loop and then is pulled through a primary injector into the constraining glass cylinder. It can be said that an experimental method in this study has advantages over previous systems, including minimal friction and greater precision in measuring the fiber force. In our experiments reaction forces are transmitted over an air bearing slider to the force sensor. The fiber is then pulled through a channel by an idler wheel and a drive wheel that is driven by a servo-stepper motor close-up of an acrylic clamp holding the pipe in place. The deformation is examined for three different fiber radii [image: ]and for two different inner radii of the cylinder . These geometries are chosen to enable quantitative comparison with the results presented in [42], i.e., two different values of the non-dimensional ratio , namely, [image: ]. Here[image: ] is the free length of the fiber in the initial unloaded state, i.e., the distance between the two clamping points at the beginning of the experiment. Ends shortening (decrease in the distance between the two clamps) was determined by the displacement of the upper clamp that is controlled by the Instron machine using the displacement control method. In this configuration, loads are applied to a part based on the displacement, and the displacement is determined using an Encoder installed on the Instron. In this method, the displacement changes incrementally while the reaction force results depend on the stiffness of the structure. Edge-thrust (axial compressive force) applied on the fiber was measured by a static load cell, and together with displacement both were synchronized with a digital camera (MAKO G-223 with CMOSIS/ams CMV2000 sensor, global shutter; 50 frames per second) that was used to record the experiment. The maximum level of ends shortening was restricted by software to prevent plastic deformations. 
In each experiment, two complementing characteristics of the response were recorded: the force displacement relation and details of contact. In order to determine these features the axial force was applied to the fiber along with the corresponding ends shortening. The analysis of the force-displacement relation provides the core information on the fiber loading process, revealing important aspects of the fiber behavior. The details of contact between the fiber and the cylinder were determined by analyzing the successive frames taken by the camera and complemented with MATLAB® assisted image processing, that allows clearly represent the contact region between the fiber and the cylinder wall. Synchronization between the camera and the Instron machine enables the contact configuration to be identified and related directly to the force-displacement relation. This synchronization enables qualitative and quantitative comparison between the behavior observed in the experiment and the structural response predicted by FE simulations and by the theoretical predictions of [42].
2.3 [bookmark: _Ref518197343]Image processing
Each snapshot (image) underwent image processing with MATLAB® to identify the contact region between the fiber and the inner wall of the cylinder. To this end, the following procedure was performed: First, the image is converted to a digital array of scalar integers in the range of [0,255]. The array size is identical to the number of pixels in the image, and the scalar values represent the gray level of each pixel, where the extreme values of 0 and 255 correspond to black and white, respectively. 
Next, the image is corrected in order to produce an uniform background, i.e., make all pixels of the white fluid have the same gray level. The purpose of this step is to minimize the effects of non-uniform illumination due to the curvature of the cylinder wall. In particular, without this correction, columns of the array (image) that are far from the center is generally darker (have smaller gray-level values). The correction involves multiplying each column by a different factor such that the average values of the fluid pixels in all columns are identical. Finally, a threshold filter is applied to isolate pixels corresponding to contact between the fiber and the cylinder. The threshold level is calibrated as follows: By using the force-displacement plots, the image where the fiber makes first contact with the cylinder wall is identified. In that stage of deformation, the contact configuration is necessarily a “point contact” configuration. Thus, the threshold level is set as the gray level of that contact point, and the “size” of the contact region associated with a “point contact” is determined (practically, due to effects such as imperfections and compression of the fiber against the cylinder wall, the so-called “point contact” configuration should be actually considered as a small region of contact). 
2.4 Finite-element simulations
FE simulations were performed with the commercial FE software Abaqus FEA. A dynamic implicit analysis was designed to simulate the experimental system, which includes a [image: ] fiber that is clamped at both ends and is laterally constrained by a rigid cylinder. The model of fiber is meshed with hexahedral solid elements, type C3D8R (8-node brick, accounting for geometrical nonlinearity), with over 50 elements in the fiber cross-section and a total of 2700 elements in the fiber. A Young’s modulus of [image: ] was assigned to the fiber, in accordance with tensile experiments that were performed with the Instron machine. Preliminary analyses with high-order brick elements and with a larger number of elements in the mesh have resulted in similar results.  

In developing equations for the implicit integration, a formula for predicting the internal forces [image: ] at time [image: ]in terms of the internal forces, such as the tangential stiffness, , at a time [image: ] is needed. For this purpose, two approaches are used: (1) tangential stiffness methods and (2) linear stiffness, pseudo-force methods. In the former, the internal nodal forces are predicted by [46].	      

In contrast, in the pseudo-force method, the internal forces are predicted using [image: ]as the linear stiffness and [image: ]as the pseudo-force matrix, accounting for the non-linearities. Here the pseudo-force is either taken at time [image: ]or is extrapolated to [image: ]from its value at .				
Boundary conditions were implemented by defining zero-displacement of all degrees of freedom associated with the nodes at the two ends of the fiber. The only exception is the vertical displacement of the upper end, which was gradually increased during the simulation. 

As shown in Fig. 1, the fiber at the end of one side (on the side where no force is applied) is fixed to the x, y, and  z axes for both displacement and rotation around each axis. At the other end of the fiber, where the force is applied, the fiber is fixed to rotate on the three axes and does not have the ability to rotate around them. On the two other axes that are not parallel to the movement of the end of the fiber, the fiber’s end is fixed and cannot move in the direction of these axes. On the axis that is parallel to the movement of the end of the fiber, the fiber’s end has a constraint that enables it to move in parallel to the axis for a defined displacement of 80 mm, as the motion occurred in the experiment. In order to facilitate our analysis, we compared between implicit and explicit methods. The primary difference between implicit and explicit types of FEM analysis is that the implicit analysis uses Newton-Raphson iterations to enforce equilibrium of the internal structure forces with the externally applied loads. This type of analysis tends to be more accurate and can take larger increment steps. In addition, this type of analysis can handle problems such as cyclic loading, snap through, and snap back as long as sophisticated control methods such as arc length control or generalized displacement control are used. One limitation of the method is that the stiffness matrix for each Newton-Raphson iteration must be updated and reconstructed, that is computationally costly. So, computationally intensive dynamic analyses are often performed with the explicit method. However, for static problems, it is common to perform the full implicit type of analysis, which is the method chosen for this work. In the numerical analysis, the vertical displacement represents the shortening between the two ends of the fiber, as described in Section ‎2.1. The vertical force on the upper end of the fiber, which is the force applied by the Instron machine in the experiment, was determined in the simulation. The shortening rate of the ends was , which is comparable to the rate at which the experiments were performed. Preliminary FE simulations showed that lower rates produce similar results, that means that our system behave as a quasi-static system.
To facilitate fiber bending response from the outset, thus avoiding a bifurcation analysis at the first buckling load, we introduced into analysis a realistic geometrical imperfection. Thus, the stress-free configuration of the fiber was assumed to admit the shape using symmetric imperfection[image: ] as the initial deviation from the axis of symmetry of the constraining cylinder: 
[bookmark: ZEqnNum663554]	[image: ] 	
where [image: ] is the coordinate along the axis, and [image: ] is the amplitude of the bending.


All variables here are measured in millimeters, and the maximum geometrical imperfection value obtained (approximately ) is about 0.2% of the fiber lengthEq.  is recognized in the post-buckling theory as the worst geometrical imperfection that is identical to the shape of the first buckling mode of a fiber subjected to clamped-clamped boundary conditions [12]. In Section ‎3 we analyze the influence of the imperfection amplitude[image: ]on the behavior of the constrained fiber using Abaqus FEA. In the numerical analysis, a contact between the cylinder and the fiber was defined using penalty stiffness in the normal direction of the contact surfaces (pressure-overclosure with "hard" contact and no penetration). In addition, tangential interaction, accounting for friction between the two bodies, was set in the model. A few values of the friction coefficient [image: ] were also examined, representing the estimated range of the friction coefficient between the metal fiber and the Perspex wall of the cylinder, including a greasy metalworking-cooling fluid as discussed before in Section ‎2.1.  	


2.5 [bookmark: _Toc410558713]Analytical insights from initial imperfection analysis
In this section, we present analytical derivations for three key features associated with the behavior of the fiber. The first and second features are the end displacement (shortening) of the fiber at the onset of first contact between the fiber and the cylinder with symmetric and anti-symmetric imperfections as illustrated in Fig. 2, and the third is the load at which the transition from 2D (planar) to 3D deformation occurs. The analysis assumes linear stress-strain relation (Hooke’s law).

2.5.1 End displacement for the first contact with symmetric imperfection 


The analysis in this section is based on a well-established elastic solution of a clamped-clamped fiber. An analytical model that describes the behavior of the fiber depending on the initial bending and material properties of the fiber is adopted from [12], where the initial shape of the fiber`s axis is given by Eq. (1). Thus, the axis of the fiber has initially the form of a sine curve with a maximum ordinate at the middle equal to[image: ]. If this fiber is subjected to the action of a longitudinal compressive force , an additional deflection [image: ]is produced so that the final ordinates of the deflection curve are . Because the lateral load vanishes when determining the critical load of buckled bars, the differential equation for the column is the following:
	[image: ] 	       			
where the quantity [image: ] represents the flexural rigidity and [image: ] represents the distance along the fiber.
Separation of the variables gives: 
	[image: ] 				
	
and by combining Eq. (3)  with the definition of [image: ]in (1), we obtain:
	[image: ] 	           	       	


with that are associated with the clamped-clamped boundary conditions at the ends of the fiber:
			[image: ] 			  	
Eq. (4) with the boundary conditions (5) can be solved analytically, and a closed form of the deflection[image: ]is:

	[image: ] 			
 
Here [image: ] is the Euler buckling force, [image: ] is the dimensionless axial compressive force,  and [image: ] is the dimensionless magnitude of the geometrical imperfection.
To assess the value of [image: ] from the load [image: ] and the total end displacement ∆, we used the expression derived in [40]:
	[image: ] 		   		
Evaluating the integral, we obtains:

	[image: ] 	            

Then the dimensionless total end displacement [image: ] becomes:
	[image: ] 			      

Neglecting the first term, as [image: ] increases towards unity, we get an analytical estimation of the imperfection amplitude as:


	[image: ] 			     		
		

In order to compare our analytical solution to the empirical and numerical simulation results, we assign [image: ] as a function of [image: ]for several values of [image: ]and , see  Fig. 7 and Fig. 8 (purple line, azure point-line-point line and green line), and their description in Section ‎3  (Results).

2.5.2 End displacement for the first contact with anti-symmetric imperfection 
For a case of the anti-symmetric imperfection, [12] provides the following initial shape [image: ]: 
	[image: ] 				
with [image: ] origin at beam center [image: ]	
Here [image: ] is the first eigenvalue of [image: ] and the critical load is:

	[image: ] 				

The bending equation becomes:

	[image: ] 				

with clamped boundary condition at [image: ] .
Now, the bending solution is obtained as follows: 
	[image: ] 				


with a maximum at [image: ], here, where  is buckling force.
The total anti-symmetric branch shape is determined as:
	[image: ] 				
Note that due to limitations of modeling the fiber with symmetrical and anti-symmetrical imperfections together, our experiments refer to the fiber behavior with symmetrical imperfection only. The anti-symmetrical imperfection analyzed analytically for a theoretical examination of its effect on the fiber behavior.
In general case, the initial shape of the fiber is given by

	[image: ] 			

The additional displacement is:
	[image: ] 				


So the total bending displacement shape becomes:
	[image: ] 			
Note that the second term diverges when [image: ]. 

Before proceeding further, we need to assess [image: ] and [image: ] from experimental data. Assuming that [image: ] we can neglect the anti-symmetric branch at , where [image: ] is a force applied to the fiber at first wall contact ([image: ]). In addition, assuming [image: ] and using linearization for Eq. (18), we get approximately: 
	[image: ]					
In order to find B, we use Eq. (7) and write the fiber’s end displacement due to the bending only:
	[image: ] 		
inserting here both imperfections from Eq. (16) and Eq. (17), we obtain:
[image: ] 	

Eq. (21) can be simplified on account of orthogonality[image: ], that provides:
	[image: ] 	        
The first integral has already been evaluated:

	[image: ] 					

and the second integral gives:

	[image: ]	 		
Thus:
	[image: ] 	     
where [image: ], and 
[image: ] for [image: ] 
Coefficients [image: ] and [image: ] can now be determined from [image: ] measurements in the range of [image: ]between one third and half of shortening up to contact.
Once[image: ] and [image: ]have been fixed, we can define the non-dimensional curve [image: ] with [image: ]
	[image: ] 		
that represents a fiber shape.
Here:
	[image: ] 		   
Next, it should be instructive to examine that curve, in the absence of walls, as [image: ] approaches [image: ] in order to examine the hypothetical configuration near the second value of buckling force [image: ] of the second contact point on the cylinder wall. 




The values of and  were calculated using the least-squares method on the experimental results in effect of three matrices. The first matrix shows the values of [image: ] after substituting the results of the experiment into Eq. (25) and the second matrix defines [image: ] from the experimental results. The third matrix shows the values of[image: ] and [image: ] that were calculated by dividing the displacement matrix [image: ] from the experiments by the matrix of terms containing [image: ] from the experiment. Curves in Fig. 11 (a)÷(e) represent the normalized data obtained on the Instron device experiments, and the circles are approximate calculations obtained by the analytical model and the triangle are asymptotic model shown in Eq.(25), that uses the values of andfor symmetric and anti-symmetric imperfections.



Now, we could describe the curves [image: ] in Fig. 12 from Eq.(26) and calculate values of location and buckling force , used [image: ] and [image: ] for all five experiments when the fiber contacts the cylinder wall, where the dashed red curves in Fig. 12 indicate the boundaries of the cylinder for [image: ]and [image: ]. To determine the location and first buckling force[image: ] of the first point of contact between the fiber and the cylinder, we solve the two equations obtained from the conditions of contact:[image: ]. We substitute the values of  obtained according to Eq. (25) and a set of values of [image: ] until the fiber contacted the cylinder wall in the range of , and the results are presented in Fig. 12. Note, that the location and first buckling force were approximated ahead of the first contact [42]. By assuming [image: ] and using linearization, we obtain from Eq. (19) and Eq. (26):

	[image: ] 		    	   

In addition, the location of the second contact point on the cylinder and second buckling force [image: ] were calculated by Eq. (28). 


2.5.3 Solution for fiber and cylinder wall in contact 





Fiber under axial load undergoes planar (2D) deformation, forming a point contact between the fiber and the cylinder. For increasing load, the end displacement of the fiber increases, but the curvature at the contact point decreases. When this curvature becomes zero, line-contact forms, which is the onset of the transition to 3D deformation. To clarify this transition, we analyzed it by considering small deformations. In this section, we describe the bending of the fiber, its contact with the cylinder wall, and the onset of the transition to 3D deformation. Fig. 2 shows the configuration under consideration, where [image: ] is the initial imperfection of the fiber before loading. When loading begins, the fiber deformation increases up to the first critical point at the load , at which point the fiber buckles. Next, the growing load further deforms the fiber and, at a given force , the fiber touches the wall for the first time, and [image: ] gives the fiber displacement from the x axis. When the load [image: ]increases beyond, a small additional deflection [image: ] occurs in the fiber. The fiber geometry remains 2D until a critical load [image: ] is applied, at which point it becomes 3D because of bifurcation. The fiber shape relative to the direction of the force [image: ] is , and relative to the bending is  because no bending forces exist at [image: ]. As a result, we obtain the following equation (see Ref. [12]), which represents a balance of the external (compressive) and internal (bending) forces exerted on the fiber:
	[image: ]	  	

In Eq. (29), [image: ] is the flexural rigidity, [image: ] is a longitudinally compressive force, and [image: ] represents the distance along the axis. When the fiber touches the cylinder wall, we obtain [image: ]:
	[image: ]     			

Subtracting Eq. (29) from Eq. (30) gives

	[image: ]				


We introduce the dimensionless parameters , [image: ] , [(the root of the equation [image: ]]. 

Upon differentiating with respect to , Eq. (31) takes the form 
	[image: ] 	 	   
The solution for [image: ] is given in Eq. (26). The solution of Eq. (32) has homogeneous and non-homogeneous parts. The fiber deformation is not symmetric about the point of contact, so we divide the solution domain into the left and right branches around the zero point (i.e., approximately in the middle of the fiber).
Next, the solutions of the left and right branches of Eq. (32) can be written as follows: 
[image: ]

	 
	 

	 	 
			

The solution for [image: ] refers only to the first contact between the fiber and the cylinder wall, i.e., [image: ]. 


The constants [image: ] of the homogeneous part are defined by the following four boundary conditions: 
	[image: ] 	     		
where [image: ].
The analytical solution of these equations provides the coefficients given below in Eq. (35). To present the coefficients more succinctly and clearly, we take the parts of the coefficients that depend on [image: ]and bind them to variables [image: ]:











We treat the right branch of the solution in a similar way by defining constants [image: ], which produces 

[image: ]	


The analytical solution of these equations gives





	 
            	             
      	






After inserting the dimensionless displacement [image: ] into the areas defined in the solutions, Eq. (32) and Eq. (33) allow us to calculate the curves [image: ] for different values of . The results are shown in Fig. 13. 
The dimensionless fiber-tip displacement [image: ] (see Fig. 2) can be calculated from the compressive force:
	[image: ]			

When the fiber contacts the cylinder wall under the force, Eq. (38) determines the dimensionless fiber-tip displacement [image: ]:
[image: ]	 		 



[image: ]According to Eq. (28),  may be approximated as

Combining Eq. (38) and Eq. (39) yields 
	[image: ] 	   	
The terms in Eq. (40) can be evaluated by using the following assumptions: the middle of the fiber forms a pinpoint contact with the cylinder wall, whereas some parts of the fiber protrude beyond the virtual wall because the loading at the point of contact remains constant as a result of the developing deformation. No friction exists at the point of contact.
[image: ] 
Here, calculating the right hand side of the first integral (values of [image: ] in order of their appearance in the integral) yields 






Calculating the left hand side of the first integral yields
[image: ]			
Calculating the second integral yields 
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After calculating the integrals,




	 				






Eq. (46) includes an approximation based on two asymptotes in the pressure range between [image: ]. To describe an asymptotic behavior of the dimensionless fiber-tip displacement , we use the first significant term of the small-disturbance analysis. For  and using Eq. (32), the significant term is:

[image: ]	  				    

The solution of Eq. (47) satisfies the condition when the fiber first contacts the cylinder wall.
For [image: ] and using Eq. (32), the significant term is

	[image: ] 					

The solution of Eq. (48) is acceptable up to 3D deformation because we are dealing with small changes and there is one contact point and a line contact for the fiber along the cylinder wall. The curves in Fig. 11 show the normalized experimental results obtained by using the Instron device, and the solid circles give the results of the analytical model in Eq. (46), which describes the situation when the fiber touches the cylinder wall. The triangles represent two asymptotic models in Eq. (47) and Eq. (48). In addition, Fig. 11 shows that the calculation of the circles prior to contact and after the transition to 3D deformation is consistent with the calculation in the previous section in Eq. (25).
3. [bookmark: _Ref530928842]Results

All results herein are presented in terms of non-dimensional quantities: the dimensionless fiber-tip displacement [image: ], the dimensionless axial compressive force , and the dimensionless magnitude [image: ] of the symmetric initial imperfection. These quantities are built from the following real parameters: [image: ] is the actual fiber-tip displacement, [image: ] is the initial unloaded fiber length (i.e., the vertical distance between the clamped ends of the fiber at the start of the experiment), [image: ] is the vertical force applied to the fiber, [image: ] is the Euler buckling force for a perfect clamped-clamped column, [image: ] is the Young’s modulus of the fiber,[image: ] is the moment of inertia of the fiber, and [image: ] is the fiber radius.

Fig. 7 and Fig. 8 show the vertical force versus fiber-tip displacement up to the first contact point between the fiber and the cylinder wall. As expected, before the first contact occurs, smaller geometrical imperfections cause the height of the “plateau” region to approach the theoretically predicted value of [image: ] (dashed curve shows result for ideal fiber). Also, the results obtained from the analytic model shows that the geometrical imperfection affects the force before the first contact. Because [image: ] increases and [image: ] has no effect, the force required to produce the plateau region decreases. The main differences between the theoretical predictions and the analytical results are that the theoretical predictions are obtained without the initial bending and the solution in Ref. [42] is numerical; in addition, the assumptions and boundary conditions differ. By comparing the FE results with those of the experiment at the initial stage of a fiber deformation, we deduce that the level of imperfection in the experiment is equivalent to [image: ] ≈ 10−3 and [image: ] ≈ [image: ]. Fig. 3 shows the force-displacement relation measured in three experiments that differ only in the fiber radius: r = 0.61, 0.78, and 0.88 mm. All three experiments have a free fiber length [image: ] and an inner radius R = 55 mm of the cylinder, which leads to . The results of the experiments are compared with the theoretical prediction (dashed curve). The theoretical prediction may be divided into five distinct stages for the fiber-bending process that occurs over the measured range of loading. These stages are indicated in Fig. 3 by numbers in parentheses and are separated by the full circles that lie on the theoretical force-displacement curve. 
To avoid plastic deformations, the fiber-tip displacement was limited in the experiments, so the theoretically predicted deformation stage (5), which is associated with the point-line-point contact configuration, could not be realized. The measured force-displacement relation for the fiber with r = 0.88 mm (black curve) may thus be consistent with the theoretical prediction within the range of values compared.

The minor deviation (less than 8%) in the critical value calculated for the fiber-buckling force is due to geometrical imperfections. This effect is expected to become more apparent with thinner fibers, which are more susceptible to geometrical imperfections. In fact, the critical loads measured for fibers with r = 0.78 mm (blue curve) and 0.61 mm (azure curve) are less than the Euler buckling load by close to 15% and 40%, respectively. As expected, the effect of geometrical imperfections diminishes with increasing fiber-tip displacement. Once contact forms between fiber and cylinder, the effect of the initial imperfection becomes negligible for both fibers (0.88 and 0.78 mm). For the 0.61 mm fiber, however, the imperfection is so significant that it influences the fiber behavior over a large range of fiber-tip displacement, up to about[image: ] Note that the onset of (first) contact between fiber and cylinder wall can be directly deduced from the measured force-displacement relation; specifically, it occurs at the end of the plateau region associated with , followed by a sharp increase (jump) in the slope of the loading curve. 


For all three fibers, first contact occurs at almost the same dimensionless fiber-tip displacement , which is consistent with the theoretical predictions. This result suggests that the initial deviation of the as-received fibers from the straight (perfect) geometry is very small. In addition, the transition from planar two-dimensional deformation to three-dimensional deformation occurs at a force , which is consistent with results reported in Refs. [42, 43]. The fluctuations in the measured force are presumably due to friction between the fiber and cylinder, causing a “stick-slip–like” behavior. The larger contact forces between the fiber and the cylinder wall cause these fluctuations to increase with increasing fiber-tip displacement. The contact configuration cannot be obtained directly from the force-displacement relation. Thus, to obtain the contact configuration, we use the image-processing procedure described below.
Fig. 4 shows the experimental results for which the contact between fiber and cylinder wall is analyzed by using the image-processing procedure described in Section ‎2.3. For each of the three fibers, the top row shows side-view photographs for different fiber-tip displacements. For convenience and to enable comparison, these fiber-tip displacements and associated labels a–i are identical to those in Fig. 3 and in the figures that follow. Specifically, fiber-tip displacement [image: ] associated with deformation i could not be attained for the fiber with r = 0.88 mm. Applying the image-processing procedure to the previously mentioned photograph results in the images presented in the bottom row of Fig. 4. For the fibers with r = 0.88 and 0.78 mm, the deformation stages and contact evolution are qualitatively consistent with the predictions by the theoretical model and the FE simulations, which are similar to the deformation stages described in the preceding paragraph.
Perhaps the only discrepancy with the theoretical predictions is related to the notion of point contact. Clearly, theoretical point contact cannot occur in practice. Instead, a small segment of contact may be considered equivalent to the theoretical notion of point contact. As a result, all images (for both fibers) up to stage e indeed reflect a single-point-contact configuration. These images also clearly show the development of two distinct regions of contact that seem to move farther apart with increasing fiber-tip displacement, as predicted by the theoretical model in stages f–h. Still, it is noteworthy that the size of these contact regions depends on the reduction in fiber length. 
Finally, the image-processing procedure reveals three separate regions of contact in stage i, which is consistent with the theoretical prediction. The good qualitative agreement, in terms of contact characteristics, between experimental results and theoretical predictions is consistent with the good quantitative agreement in terms of the force-displacement relation. For the fiber with r = 0.61 mm, in contrast, the measured force-displacement relation deviates significantly from the results of the theoretical prediction, mainly because of the effects of geometrical imperfection; see Fig. 3. Fig. 4 shows that the deviation from the theoretical prediction is also reflected in the way in which the contact evolves.
For example, after the two-point contact forms, further increase in fiber-tip displacement does not increase the distance between the contact points. Instead, the contact area at each of the contact points increases, resulting in what appears as a line-contact configuration. This evolution of contact, which is not identical between the two contact points, eventually evolves into (almost) a single line-contact configuration that connects the original point-contacts. This phenomenon and, in particular, the observed asymmetry, evolves from the single line contact and is probably a consequence of significant geometrical imperfection combined with friction. 
Next, we analyze the deformation of the constrained fiber by using FE simulations. Fig. 9 shows the results of FE simulations for the fiber with r = 0.88 mm. Several force-displacement relations are shown and each is associated with a different geometrical imperfection amplitude [image: ] and friction coefficient [image: ] (Coulomb-type friction in Fig. 9, see black dashed curves, red curve, orange dashed curves, orange curves, azure curve, and azure dashed curve). For reference, the theoretical predictions (red dashed curve), analytical results (purple curve, azure point-dash-point curve, and green curve), and experimental results (black curve) that appear in Fig. 3 (for this fiber) are also recapitulated here. In addition, we include a simulation with negligible geometrical imperfection and very small friction coefficient (red curve). The results of this simulation are completely consistent with the theoretical prediction that assumes a perfect fiber and no friction. A minor discrepancy appears only for a relatively large fiber-tip displacement, for which the transverse force applied to the fiber by the wall becomes very large, resulting in non-negligible friction force. These results and the results of the FE-based analysis of the contact, which is discussed later, increase confidence in the results of the FE simulations shown in Fig. 10, from which several conclusions can be drawn. 
Importantly, the geometrical imperfection in the latter stages of the deformation has negligible effect for [image: ]. For larger values of [image: ] (azure curve and azure dashed curve in Fig. 7), the external force is noticeably smaller, especially during the initial stages of deformation, before two-point contact occurs. A similar trend also occurs in experiments when comparing the behavior of fibers with different radii (see Fig. 3). 
In addition, Fig. 9 reveals the effect of friction. A larger friction coefficient results in a higher external force for the same reduction in fiber length (azure dashed curve). Contrary to the effect of geometrical imperfection, the effect of friction increases with fiber-tip displacement, and the difference between the measured force and the prediction of the theoretical model, in which friction is considered, becomes larger. This increased difference is probably a consequence of the higher normal force and larger contact area that develops in the advanced stages of fiber deformation. 



Next, for the 0.88 mm fiber, we study the evolution of fiber-wall contact based on the FE simulation with conditions similar to the experimental conditions; namely,  and . Fig. 10 shows the deformation of the fiber for different fiber-tip displacements , where the labels a–i specify the corresponding locations on the force-displacement curve in Fig. 9. For each fiber-tip displacement, the top and bottom rows show side and top views, respectively. Contact with the cylinder wall is illustrated by the lighter (greenish) color. The following contact configurations are studied: (a) no-contact, (b, c) planar (2D) one-point contact, (d, e) spatial (3D) one-point contact, (f–h) two-point contact with increasing distance between the two contact points, and (i) three-point contact. These results are completely consistent with the theoretical predictions. Note that the extreme proximity of the fiber to the cylinder wall at the deformation stages that include two- or three-point contacts render extremely difficult the investigation of the contact characteristics. In fact, without the aid of the FE simulations or the unique experimental setup used in this work, one could easily (and incorrectly) interpret the contact characteristics as a continuous curve contact rather than as the actual case of two (or three) small areas of contact separated by a rather long segment that is extremely close to the cylinder wall but that does not interact with it. 






We now consider the experiments investigating the behavior of the loaded fiber for [image: ]. For this, we used a cylinder with an inner radius of R = 100 mm and fibers with r = 0.88 and 0.78 mm (black curve and azure curve). The theoretical predictions (red dashed curve) shown in Fig. 5 suggest that the deformation patterns should become less complicated with increasing radius of the constraining cylinder. In particular, for , the theory predicts that only deformations 1–4 should occur, whereas deformations 5–7, which occur for , should not occur for [image: ]. In addition, the force-displacement relation for [image: ] should differ significantly from that for , and the first contact should occur at a larger fiber-tip displacement. More important is the prediction that, once spatial (3D) deformation occurs (at force ), the force no longer increases but slowly decreases. This prediction is in contrast with the case of , where the force increases close to , whereas the deformation evolves from configuration 2-2 to configurations 3, 4, and 5 sequentially.

The exception is the small discrepancy before the first fiber-wall contact occurs; this discrepancy is associated with geometrical imperfection, as discussed earlier. The theoretical predictions are consistent with the results shown in Fig. 5. Following the experimental investigation and conclusions for the case of , it is not surprising that the prediction of the theoretical model is consistent with the evolution of contact between fiber and cylinder wall shown in Fig.6. 
4. [bookmark: _Ref530928756]Summary and conclusions
We investigate experimentally and numerically the post-buckling behavior of an elastic clamped-clamped fiber constrained inside a rigid cylinder. By using a novel experimental setup, which uses a transparent cylinder filled with an opaque fluid, combined with image processing and synchronized force measurements, we study quantitatively the evolution of contact between the fiber and the constraining cylinder. Heretofore, the only relevant experiments were done with extremely slender constraining cylinders, namely [image: ], or for cases where (almost) the entire fiber was in contact with the cylinder. 
In contrast, this paper presents experimental results for the evolution of deformation and contact configuration in the initial stages of deformation for non-negligible values of [image: ]. Supported by FE simulations and analytical modeling, we determine the contribution of geometrical imperfection and friction. In general, the level of geometrical imperfection can be evaluated by analyzing the measured force-displacement relation before the fiber contacts the constraining cylinder. 
The influence of friction can be determined based on the difference between the measured force and the theoretical (i.e., no friction) prediction at advanced stages of deformation, where the effect of geometrical imperfection is relatively small. The results show that the main contribution to friction comes from increasing the force (edge thrust) associated with the reduction in fiber length and from adding to the measured force “fluctuations” associated with stick-slip behavior. Qualitatively, friction does not significantly affect the fiber deformation or the contact configuration (this conclusion is limited to small-to-moderate values of the friction coefficient and needs to be further examined for larger values).


The results also show that the geometrical imperfection  =  (or larger) of a fiber length can significantly influence the measured force and the evolution of fiber-wall contact. Provided the geometrical imperfection is less than this value, the experimental results, the FE simulations, and the theoretical predictions that consider a perfect fiber and ignore the effect of friction are all consistent. 
In addition, this study of fiber behavior considers a fiber in a cylinder and includes an in-depth analysis of the fiber deformation stages at different loads. Various tools are used for the analysis, including representative experiments, image processing of the experimental results, finite elements analysis used to simulate the experimental system, and analytical models for all stages of deformation from the onset of fiber load until after the transition to 3D deformation. The main contribution of this work is that it now becomes possible to characterize similar problems with a fiber in a cylinder in various engineering fields and to better understand the modes of failure and how to obtain a more suitable system.
Future research should study the behavior of fibers subjected to boundary conditions different from those considered herein and extend the investigation to a range of sizes for the constraining cylinder (i.e., different values of [image: ]). It is also desired to use larger fiber-tip displacements than those used herein to examine more complicated contact configurations, such as the point-line-point and three-line contact configurations. Doing so would require a long, almost-perfect fiber with very small geometrical imperfection and that can withstand very large deformations. It would also be interesting and of practical importance to repeat each experiment with a different friction coefficient. In principle, this can be done by using cylinders and/or fibers made from several types of materials and controlling their surface roughness, or perhaps by changing the fluid inside the cylinder. 
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[bookmark: _Ref502321015] Fig. 1: (a) The experimental setup, with a cylinder of  radius (left image), or   radius (right image). In these images, the cylinder is not completely filled with an opaque milky fluid for the purpose of clarity. (b) Schematic description of the main experiment and system components.
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[bookmark: _Ref533165423]Fig. 2: Description of the boundary conditions and post-buckling response of the fiber in this research.
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[bookmark: _Ref504425479][bookmark: _Ref505086906][bookmark: _Ref517681614]Fig. 3: Measured vertical force versus end shortening for three different fiber radii: , ε0.104. The experimental results are compared to the theoretical predictions of [42] for ε=0.1 (Ideal fiber: red dashed curve). Numbers in parenthesis indicate the contact configuration in accordance with Fig. 1. Filled circles identify a transition from one configuration to the next.
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[bookmark: _Ref524549591][bookmark: _Ref518562563]Fig. 4: Contact between the fiber and the cylinder wall at different stages of deformation for the fibers from Fig. 4 (ε0.104, [image: ]). For each fiber, the first row shows snapshots from the experiment at different levels of end shortening, while the second row shows the same snapshot after applying the image-processing procedure. End shortening is indicated by the numbers between the two rows and also by the letters a-h that appear in the force-displacement curve, Fig. 3.  
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[bookmark: _Ref534453877]


[bookmark: _Ref27496226][bookmark: _Ref517681652]Fig. 5: Force-displacement relation. Measured vertical force versus end shortening for two different fiber radii:  ε0.189. The experimental results are compared to the theoretical predictions of [42] for ε=0.2 (Ideal fiber: red dashed curve). Numbers in parenthesis indicate the deformation stage described in [42]. Filled circles identify a transition from one deformation pattern to the other
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[bookmark: _Ref8682609]

[bookmark: _Ref27496190][bookmark: _Ref519420939]Fig.6: Force-displacement relation. Measured vertical force versus end shortening loading and unloading for: . ε0.189. The experimental results are compared to the theoretical predictions of [42] for ε=0.2 (dashed curve). Numbers in parenthesis indicate the deformation pattern described in [42]. Filled circles identify a transition from one deformation pattern to the other.
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[bookmark: _Ref533276518]Fig. 7: Vertical force versus end shortening up to the first contact point of the fiber in the cylinder wall for: , ε0.104. The experiment, analytical model and FE simulations results are compared to the theoretical predictions of [42] (Ideal fiber: red dashed curve). FE results are shown for simulations with various values of [image: ] (amplitude of the deviation symmetric and anti-symmetric imperfection) and friction coefficient). 
[bookmark: _Ref532845204]
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[bookmark: _Ref534752385][bookmark: _Ref534752377]Fig. 8: Vertical force versus end shortening up to the first contact point of the fiber in the cylinder wall for:, ε0.189. The experiment and analytical model results are compared to the theoretical predictions of [42] (Ideal fiber: red dashed curve). 
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[bookmark: _Ref27291285][bookmark: _Ref519542599]Fig. 9: Vertical force versus end shortening for: , ε0.104. The experiment and FE simulations results are compared to the theoretical predictions of [42] (Ideal fiber: red dashed curve). FE results are shown for simulations with various values of [image: ] (amplitude of the deviation) and friction coefficient). Numbers in parenthesis indicate the contact configuration in accordance with [42]. Filled circles identify a transition from one configuration to the next.
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[bookmark: _Ref502321471][bookmark: _Ref533276713][bookmark: _Ref518562278]Fig. 10: Results of FE simulations showing the deformation of the fiber and contact with the cylinder wall, for:,, ε=0.104. First row: side view, where a lighter (greenish) color indicates interaction with the wall (in these images, the schematic cylinder is shown for clarity/orientation, but the images are not at identical scale in order to allow focusing on the contact region). Second row: top view (all images are at identical scale)
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Fig. 11(b): Normalized vertical force versus end shortening for:. The experiment compared to analytical model results with (circle) and to asymptotic model (triangle). 






[bookmark: _Ref8681293]Fig. 11(a): Normalized vertical force versus end shortening for:. The experiment compared to analytical model results with (circle) and to asymptotic model (triangle). 
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Fig. 11(d): Normalized vertical force versus end shortening for:. The experiment compared to analytical model results with (circle) and to asymptotic model (triangle). 






Fig. 11(c): Normalized vertical force versus end shortening  for:. The experiment compared to analytical model results with (circle) and to asymptotic model (triangle). 
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Fig. 11(e): Normalized vertical force  versus end shortening  for:. The experiment compared to analytical model results with  (circle) and to asymptotic model (triangle). 
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[bookmark: _Ref8681312]Fig. 12: Deflection curves from the expression  for:, for several values of and calculate of:
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[bookmark: _Ref8681661]Fig. 13: Deflection curves from the expression  for:, for several values of 
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