[bookmark: _Hlk15819254]Promoting mathematical knowledge of preschool, first and second grade teachers for teaching two- and three- dimensional shapes
[bookmark: _Hlk13499331]In the last few years, there has been renewed interest in young students’ mathematical knowledge. In particular, the importance of teaching geometrical concepts and reasoning from a young age was highlighted (Levenson, Tirosh & Tsamir, 2011; Tirosh, Tsamir, Barkai & Levenson, 2018). Young students learn about and develop geometrical concepts, before entering first grade (Levenson, Tirosh & Tsamir, 2011). Therefore, student’s mathematics knowledge and reasoning should be actively developed from an early age (Clements & Sarama, 2007). However, learning geometry is challenging, especially with respect to two- (Tsamir, Tirosh, Brkai, Levenson & Tabach, 2013) and three-dimensional shapes (Tsarfati & Fatken, 2014). Therefore, researchers see teacher training as central, including pedagogical knowledge relating to student's geometry learning (Koçak, Gökkurt & Soylu, 2017).
Few studies have focused specifically on promoting professional knowledge of mathematics teacher. These studies demonstrated how a Professional Development (PD) program was the basis for mathematical and pedagogical knowledge growth, which is necessary for mathematics teaching. Yet, there are few studies that link teacher's participation in PD program and students' achievement (Tirosh & Graeber, 2003). The study by Tirosh and her colleagues (Tirosh, Tsamir, Levenson & Tabach, 2011), described a professional development program for preschool teachers that attempted to meet this aim. At the end of the program, children's knowledge who learned in participating preschools was assessed and compared with other preschool children. Within this line of study, the current research is based on PD program for young students' teachers, and its main purpose is to examine the influence of teachers' mathematical and pedagogical knowledge improvement, that is needed for teaching two- and three-dimensional (2D-3D) shapes for preschool, first and second grade teachers, on developing geometric thinking of their students.
Two theoretical frameworks and a methodological framework guided the current study. The first describes students’ geometric thinking levels; The second describes teachers' mathematical knowledge; The methodology follows the development of the collective activity of a group via their argumentative discourse. Student’s geometrical thinking is described by the Van-Hiele theory (Van Hiele, 1986). According to this theory, geometrical thinking is hierarchical in nature, including five levels, and a student advances from one level to the next sequentially without skipping any levels. Progress from one level to the next does not depend on the individual’s maturity but is the result of teaching and experience. Young students are in one of the first three Van-Hieles' thinking levels (visualization level, analysis level and non-formal deduction level). The theory explains why young students have difficulty with geometry (Clements et al., 1999; Hannibal & Clements, 2008). In general, the level at which a student operates may be influenced by learning experience, and the nature of tasks that his teacher prepared. Therefore, it is helpful to characterize student’s geometric thinking according to these levels. The Van-Hiele theory allows teachers to assess student’s geometric reasoning and plan tasks that will guide young students towards using critical attributes as the deciding factor in identifying examples and non-examples of geometric figures. 
The mathematical teacher's knowledge framework is based on the work of Ball and her colleagues (Ball, Thames & Phelps, 2008), who refined Shulman's theory (Shulman, 1986). The Mathematics Knowledge for Teaching (MKT) framework provides a useful lens to study teachers’ knowledge required for effective teaching of mathematics (Tsamir et al., 2015). This approach claims that teachers must combine their content knowledge with an understanding of pedagogical issues to influence students’ understanding. Using this approach, studies have successfully established the relationship between teachers’ mathematical knowledge for teaching and student achievement (Hill, Rowan, & Ball, 2005). The MKT framework differentiated between two aspects of PCK: knowledge of content and students (KCS) and knowledge of content and teaching (KCT). Ball, Thames & Phelps (2008) defined that KCS is "knowledge that combines knowing about students and knowing about mathematics" whereas KCT "combines knowing about teaching and knowing about mathematics" (p. 401). Furthermore, this conceptual framework can be used in order to promote knowledge required for mathematics teaching, especially in geometry (Tirosh, Tsamir & Levenson, 2011; Tirosh et al., 2011).
[bookmark: _Hlk15814330][bookmark: _Hlk15814653][bookmark: _Hlk16028599][bookmark: _Hlk16028840]The methodological approach that was chosen in the current study, was the Documenting Collective Activity (DCA) approach, that is relevant to describe the spreading of mathematical ideas in classroom. Researchers have raised a question about the spread of mathematical ideas in  a learning community: that means, ideas that are uttered by individual participants during a whole class discussion,  are function as-if shared by the whole class community, and transform back to the individuals, and in the ways in which these processes occur (Rasmussen & Stephan, 2008; Rasmussen, Stephan & Allen, 2004; Stephan & Rasmussen, 2002; Saxe et al., 2009). The DCA methodological approach enabled this analysis, which focused on the way mathematical ideas function as-if-shared, in order to document and analyze teachers’ conceptual progress during collective argumentation discourse in PD program. Thus, the research questions were:
1. Was there a change in young students' identification of two-and three-dimensional shapes and their geometrical thinking levels between two points in time; before and after their teacher participated in PD? to what extent?
2. Does teacher's participation in PD program around two- and three-dimensional shapes in geometry, develop their own knowledge? If so, to what extent? 
3. How can we describe and characterize the learning process of teachers who participated in PD program, which focused on two and three-dimensional shapes in geometry? 
[bookmark: _Hlk16028870]Two groups participated in this study: the first included teachers (preschool, first and second grade teachers), who participated in PD program aimed at promoting their mathematical and pedagogical knowledge about 2D-3D shapes. The second included students (of some of the participating teachers). The study examined mathematical content knowledge of teachers by using mathematical knowledge questionnaire, before and after participating in PD program and tested pedagogical content knowledge at the same two occasions. In addition, in order to examine the influence of change in teacher's knowledge on developing geometric thinking of their students, the study examined mathematical knowledge of students (of some of the participating teachers) before and after participating in the PD program. Finally, in order to understand the process that led to change in teacher knowledge, the study investigated the classroom argumentative discourse in PD program. 
The findings regarding young students' knowledge of identifying and reasoning on a variety of 2D-3D shapes, show students' statistically significant progress in post-test. That mean, students of all groups were able to correctly identify most of the figures presented to them in post-test. Also, students' geometric thinking levels in the post-test advanced as compared to their pre-test reasoning for identify a variety of 2D-3D shapes.
[bookmark: _GoBack]The findings regarding teachers' mathematical content knowledge indicate progress in the percentage of preschool, first and second grade teachers who correctly identified 2D-3D shapes when comparing the pre- and post-test identification. In particular, statistically significant differences were found in teachers' identification for cylinder and pyramid in both tests; pre and post. Progress was also found with respect to teachers' geometric thinking levels. These findings are similar to the ones reported for the participating students. Regarding preschool teachers’ knowledge about their students' knowledge, the findings show progress in preschool teachers match between their estimates of their students' knowledge in post-test compared with pre-test. In addition, preschool teachers' assessments about correct identification of their young students in post-test, were found with a positive correlation with actual performance of their young students, for most 2D-3D shapes. 
It was also found that pyramid is an example of a three-dimensional shapes, which teachers' knowledge about it changed as a result of participation in PD program. Therefore, the pyramid was chosen as a paradigmatic example of a shapes, which the whole class discussion during the PD program about it was analyzed. The analysis in both groups (preschool, first and second grade teachers) highlighted teachers' ways of reasoning, and ideas that function-as-if- shared. 
This study has in three unique contributions. (A) The focus of study. Few studies examined the influence of teacher's knowledge improvement on their students' mathematical thinking in general, and students' geometric thinking in particular. (B) The participants of the study. The participating teachers and their students are unique in two respects. First, we are not aware of a study that investigate both – preschool teachers and first & second grade teachers, and their students. Previous studies focused on preschools teachers' population or first & second grade teachers. Second, to the best of our knowledge, this is the first study in this context among Israeli Arab population. (C) Practical recommendations for teaching. The study showed that teachers' geometrical knowledge, which is needed for teaching 2D-3D shapes - improved and affected the geometric knowledge and thinking levels of their students. Therefore, there is a need to enrich teaching and learning geometry among young students' teachers, emphasizing a variety of typical and non-typical examples and non-examples of 2D-3D shapes. Teaching in preschool and elementary classes should include this variety of geometric shapes.


