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[bookmark: _GoBack]A detailed description of the research program
1. Scientific background 
1.1 What is Mathematical  Knowledge for Teaching (MKT)?
[bookmark: _Hlk55675525]Over the past few decades, researchers in the mathematics education community have been interested in characterizing the knowledge required for mathematics teaching. Lee Shulman (1986) recognized that the knowledge required for teaching any subject matter is unique and complex, and suggested two main categories: Subject Matter Knowledge (SMK) – a deep understanding of the subject matter, and Pedagogical Content Knowledge (PCK) – a repertoire of representations, analogies, models, explanations, and demonstrations. Relying on Shulman’s work Ball & Bass (2003, 2009) attempted to distill the knowledge required for teaching mathematics. They defined the term “Mathematical Knowledge for Teaching" (MKT) as the “mathematical knowledge needed to carry out the work of teaching mathematics”. Namely, the knowledge that crosses areas and levels of school mathematics, the knowledge that supports connected ideas of the mathematics teacher, and emphasizes the ability to plan, evaluate, integrate and manage appropriate mathematical content for teaching and carry out the work of teaching mathematics. It is involved the kind of task that teachers choose to integrate into their lessons and the mathematical knowledge that require to manage this task. It is involved in how to guide the students to solve these tasks, listening to student’s answers, and more. Following the work of Bass and Ball, Ball, Thames & Phelps (2008), presented six different components of mathematical knowledge for teaching. Three of them are related to subject matter knowledge (SMK) and three others to pedagogical content knowledge (PCK). The first three are: 
(i) Common Content Knowledge (CCK) - “The mathematical knowledge and skills used in settings other than teaching, …They must be able to do the work that they assign their students…some of this requires mathematical knowledge and skill that others have as well – thus, it is not special to the work of teaching” (p.399). namely, mathematics teachers need to know such as: calculating, connection, subtraction, multiplication and division exercises between rational and integers and others numbers, read data from a given graph, uses of procedures, correctly solving mathematical problems, knowledge about definitions, etc. This kind of knowledge teachers must hold to distinguish between wrong and correct students’ answers, to identify an occurrence of a mistake printed in a textbook, etc. This knowledge is not mean that everyone has this knowledge, but it means that this knowledge is used by a variety of settings not unique for teaching: “The mathematical knowledge known in common with others who know and use mathematics” (p. 403) 
(ii) Specialized Content Knowledge (SCK) - This component includes the mathematical knowledge and skills unique to teaching that is not typically required for purposes other than teaching, such as thoughtful integration of examples during instruction, awareness of various approaches for presenting a particular topic, knowing how to provide explanations, present a variety way to solve a given mathematical task, knowing how to evaluate non-routine approaches of students, etc.  
(iii)  Horizon Content Knowledge (HCK). “Horizon knowledge is an awareness of how mathematical topics are related throughout mathematics included in the curriculum” (Ball et al., 2008, p. 403). Ball & Bass suggested a more detailed definition of HCK: “An awareness…of the large mathematical landscape in which the present experience and instruction are situated. It engages those aspects of the mathematics that, while perhaps not contained in the curriculum, are nonetheless useful to pupils’ present learning, that illuminates and confer a comprehensible sense of the larger significance of what may be only partially revealed in the mathematics of the moment” (2009, p. 6). Also, Ball & Bass presented four components of HCK: A sense of the mathematical environment surrounding the current ‘location’ in instruction, major disciplinary ideas and structures, key mathematical practices, and core mathematical values and sensibilities. 
The other three components of MKT are related to pedagogical content knowledge:
(iv)  Knowledge of Content and Curriculum – (KCC) This component combines knowing about mathematics and knowing about the curriculum. Teachers need mathematics knowledge relevant to their teaching and how the mathematics content organized in the curriculum such as the topics need to be taught at each stage, how the topics are organized and presented in the curriculum, the rationale for building the curriculum, identifying topics that appear throughout the curriculum, and more.
(v) Knowledge of Content and Teaching (KCT) – This component combines knowing about teaching and knowing about mathematics. Teachers need mathematics knowledge for designing their instruction. For instance, choosing an example to start with an appropriate representation that leads their students to a deeper understanding. This component includes the interaction between specific mathematical understanding and an understanding of pedagogical subjects that affects students learning. 
(vi)  Knowledge of Content and Students (KCS) - This component combines knowing about students and knowing about mathematics, namely, knowing how students think, what may confuse them, what kind of mathematical tasks may be easy or difficult for them, and more. When teachers choose an example, they need to know what will spark students’ interest and motivation and will surprise and excite them. This kind of knowledge requires interaction between specific mathematical understanding and familiarity with students and their mathematical thinking. 
There is a close connection between MKT in all its components and the mathematical quality of instruction. A teacher with deep and wide MKT will present to learners a mathematical richness that will be reflected in the offerings of representations and examples beyond what is offered in the classroom textbook (Ma, 1999; Hill et al, 2008).
Further to Ball's and her colleagues' definitions of the various components of MKT, mathematics education researchers continued to find out about these components, the knowledge, and skills that mathematics teacher who hold each component, and the position of each component in the proposed MKT presented framework. For example, Carrillo, Climent, Montes, Contreras, Flores-Medrano, Escudero-Ávila, et al. (2018) tried to refine the definition of SCK, the second of the six components of MKT mentioned above. They presented a model that includes six components of teacher knowledge.  Three of them were associated with PCK: Knowledge of Mathematics Teaching; Knowledge of Features of Learning Mathematics and Knowledge of Mathematics Learning Standards. And three of them were associated with Mathematical Knowledge: Knowledge of Topics; Knowledge of Structure of Mathematics and Knowledge of Practices in Mathematics. The above definition also concerns the location of this knowledge component within the framework of MKT.
As part of this purpose research, our interest in the context of teacher knowledge concerns Horizon Content Knowledge, and therefore we will elaborate on this issue. Following the definitions of Ball and her colleagues (2008, 2009), the term HCK continued to engage researchers in mathematical education. For example, Zazkis and Mamolo (2011) suggested a perception of "mathematical horizon knowledge" by analyzing ways in which undergraduate mathematics subjects provide internal and external horizons of mathematics at school: “As an advanced perspective on elementary knowledge, that is, as advanced mathematical knowledge in terms of concepts (inner horizon), connections between concepts (outer horizon), and major disciplinary ideas and structures (outer horizon) applied to ideas in the elementary school or secondary school curriculum.” (p. 13). 
 Figueiras et al. (2011) called mathematics education researchers to try to characterize the language for HCK that, should be derived from the content knowledge of the teacher. According to these authors, teachers should know how the contents they teach in the classroom continue to develop beyond mathematics and beyond the curriculum. HCK contributes to the teacher's actual teaching, understanding how the contents being taught are related to an application, with all meaning in the broad sense. HCK is an orientation to and familiarity with the discipline (or disciplines) that contribute to the teaching of the school subject at hand, providing teachers with a sense of how the content being taught is situated in and connected to the broader disciplinary territory. HCK also includes awareness of core disciplinary orientations and values and major structures of the discipline. HCK enables teachers to “hear” students, to make judgments about the importance of particular ideas or questions, and to treat the discipline with integrity, all resources for balancing the fundamental task of connecting learners to a vast and highly developed field (Jacobsen, Thames, Ribeiro, & Delaney, 2012).
Related to the notion of a “mathematical horizon”, Wasserman (2018) proposed a different division of MKT, based on the relative location of mathematical ideas within a broader mathematical landscape that related to mathematical knowledge beyond what one teaches. By using a topological description of the landscape of mathematical ideas, Wasserman proposed the definition of two regions: the local mathematical neighborhood of the mathematics being taught, and the nonlocal mathematical neighborhood, which consists of ideas that are farther away. The local mathematical neighborhood is defined as those mathematical ideas that are relatively close to the content being taught. The notion neighborhood allows for the inclusion of mathematical ideas that are “behind” as well as “beyond” the content being taught. 
Another attempt to understand the structure and the components' definitions of the MKT model has employed many researchers (Karuss, Bruner, Kunter, Baumert, Blum, Neubrand & Jordan, 2008; Copur-Genctruc, Tolar, Jacobson and Fan,2018). The study finding of Karuss et.al. (2008) indicated that overall high school teachers’ content knowledge and PCK were empirically separable but highly correlated. Besides, their findings indicated that content knowledge and PCK were inseparable for teachers with strong content knowledge. Also, the study of Copur-Genctruc et.al (2018), indicates a difficulty in clearly distinguishing the knowledge and skills required of a math teacher between the concepts SCK, CCK, and PCK. Based on their extensive research with 397 mathematics teachers’ participation, they attempted to explore empirically the dimensionality of mathematical knowledge needed by elementary school teachers. Specifically, they focus on the construct of MKT to investigate whether CCK, SCK, and PCK can be distinguished empirically. Their findings indicate that the structure of MKT is one-dimensional, because of their unclear definition. They call researchers to consider the structure of each of the components in both: the teaching content aspect and the impact of each component on the dimensionality of the structure.
Research about the knowledge and skills required for teaching engages not only mathematical education researchers but also science education researchers. For the past decade, scholars in science education focusing on characterizing teacher’s professional knowledge and skills including PCK (Berry, Loughran and van Deriel, 2008 ; Henze, van Deriel and Verloop, 2008 ; Kind, 2009 ; Gess-Newsome, 2015 ; Berry, Friedrichsen and Loughran, 2015). 
In the Refined Consensus Model of PCK (Carlson & Daehler, 2019), three distinct realms of PCK presented: (1) collective PCK (cPCK) – “Amalgam of multiple science educators’ contributions, including the teacher’s contributions and those from the combined professional knowledge-based and varied teaching experiences within a given subject matter as understood and documented by multiple people” (p. 88). (2)  personal PCK (pPCK) – “The cumulative and dynamic pedagogical content knowledge and skills of an individual teacher that reflects the teacher’s teaching and learning experiences, along with the contribution of others, such as teaching colleagues, educational researchers, scientists, and other content specialists in the form of professional exchanges, …, coursework, and professional learning experience (p. 85).   (3) enacted PCK (ePCK) – “The specific knowledge and skills utilized by an individual teacher, in a particular setting, with a particular student or group of students, with a goal for those students to learn a particular concept, collective of concept, or a particular aspect of discipline” (p. 83). 
In the present proposal, we will focus on the various components of MKT, and in particular on HCK definitions as presented by Ball & Bass (2009), Figueiras et al. (2011), and Jacobsen et al. (2012), and other researchers to illustrate the prospective mathematics teachers' HCK development by integrating the Contemporary Mathematics in their lessons.  Then we will try to refine the definition of the term HCK, which is relevant to the knowledge teachers acquire during the integration of contemporary mathematical knowledge during their mathematics instruction. 
The proposed study is to examine the expansion and deepening of the various components of teachers' MKT following the integration of contemporary mathematical news in their high-school mathematics lessons. 
1.2 What do we mean by Contemporary Mathematics? 
 Mathematics is a dynamic field that is developing constantly. According to the American Mathematical Society (2020), Over 125,000 new items are added to their database each year. 
New mathematics results published regularly in the professional journals, or new problems are created and added to a plethora of yet unsolved problems, which challenge mathematicians and catch their minds. According to Movshovitz-Hadar (2008), there are five categories of news in mathematics.
1.2.1 A recently presented problem of particular interest and possibly its solution
A good example of this kind of news is provided by Herzberg and Murty’s Sudoku paper (2007). Sudoku puzzles have been a challenge that attracts non-mathematicians as well as professionals in the past decade. Many papers on various levels were published about the mathematics of Sudoku (E.g. Keh Ying Lin 2004; Russel and Jarvis 2006; Segura, Peña, Rionda & Aguirre 2016). The treatment of Sudoku as a graph and employment of coloring in its study is new and attractive. One of their results: for a Sudoku Puzzle has exactly one solution, its initial presentation must include 8 of the 9 digits (or else the two missing digits can be switched in the final solution to get an alternative solution.)
1.2.2 [bookmark: _Hlk54819552]Long-term open problems recently solved
This kind of news is related to a mathematics problem that has preoccupied mathematicians for many years but has been solved over the past few decades years. An example of this category of news is proof of Kepler's conjecture. It started in 1591, when Thomas Harriot, a British astronomer, intrigued by Sir Walter Raleigh, A British explorer published a study of various-patterns of stacking canon-balls. The next development arrived in 1606 by Johannes Kepler (1571-1630), a German astronomer who corresponded with Harriot. This produced a study of the question: Given a sphere in 3-d Euclidean space, how many identical spheres can touch it?, and in 1611Kepler proposed a conjecture: The arrangement of equal spheres filling space, with the greatest average density (i.e. the relative portion of the occupied space), is the so
called hexagonal close packing: Around any given sphere there are six spheres around it in the plane, three touching it from above and three below it. In 1998 Thomas Hales, (U. of Pittsburg, USA) submitted to Annals of Mathematics, a computer-aided proof, proof by the exhaustion of all possible arrangements, and finally in 2005 Hales’ proof was accepted for publication (with reservations), and published soon afterward.
Although the solution to this problem is far beyond the high school level, students can understand the problem itself and be exposed to the difficulties it raises or to the great mathematician's efforts over the years to achieve a solution. Also, this problem has the potential to raise the idea of computer proof that can be discussed concerning traditional logic-based proof. (Hales, 2002).
1.2.3 A recently revisited problem 
This category of news includes a new proof to a known theorem, or new findings in an already solved problem, or a new solution to a previously solved problem, or a generalization of a well-established fact, or even a salvaged error. 
An example is the four-color map problem for which a computer-assisted proof was provided in 1976, and about 20 years later a formal proof was suggested.  (http://www.math.gatech.edu/~thomas/FC/fourcolor.html).
1.2.4 A mathematical concept recently introduced or broadened.
Example for this category presented at the changes that occurred in the last century in the notion of dimension, and are both surprising and accessible. Euclidean space dimension d assumes the integer values 1, 2, or 3. If we take a Euclidean object (a line segment, a square, a box) of dimension d, and reduce its linear unit size by r (namely making it 1/r of its original size) in each spatial direction, its measure (length, area, or volume) becomes M= rd. In 1918 when the German mathematician Felix Hausdorff treated algebraically and made an intellectually courageous move suggesting that d need not be an integer. Since it could be a fraction, he claimed! The non-integer dimension is "visible" in the so-called Koch Snowflake, first introduced by Hegle von Koch in 1904, and later on, found to have a fractal dimension between 1 and 2. Later, Benoît Mandelbrot, had recognized Hausdorff dimension, employed this generalized treatment of dimension for his 1977 publication: Fractals: Form, Chance, and dimension. 
1.2.5 A new application to an already known piece of mathematics.
Through the history of mathematics development, there are many cases of mathematical results that had no application whatsoever, developed by some intellectual mathematicians. It is quite fascinating to find out that a piece of pure mathematics becomes entirely useful for some real applications. An example in this category is the employment of prime factorization to modern Public Key Cryptography. It is relatively easy to generate large prime numbers and find their product. However, the reverse isn’t easy at all. Practically it is impossible to find the prime factorization of a very large number that is a product of only 2 primes. Almost thirty years ago this asymmetry and the related parts of Number were announced by Rivest, Shamir, and Adleman (1978) applicable to modern Cryptography to provide safe delivery of encrypted secret messages in open communication networks and much more. 
The proposed study is to examine the expansion and deepening of the various components of teachers' MKT following exposing their high-school students to contemporary mathematical news containing interesting information relevant to the categories presented above 

1.3 What is missing from the ordinary preparation of mathematics teachers?
The training program for mathematics teachers lasts 3-4 years with a total of about 64 annual hours combined advanced mathematics courses and non-mathematical courses (pedagogy, psychology, sociology). Advanced mathematical courses occupy at least 50% of the time and usually include algebra, differential and integral calculus, differential equations, and more mathematical advanced content. 
 During their studies, teachers are exposed too little to the nature of scientific thinking as a result of the way science courses are taught at the university (Sullivan, 2003). Also, the mathematical courses taught in the training program invite students Limited exposure to contemporary mathematics. As a result, the majority of the mathematics teachers lack knowledge about the nature of contemporary mathematics, which we assert must be a part of their MKT, since one of the main goals of teaching high-school mathematics is exposing students to the true nature of mathematics (Henkin, 1981). Zazkis and Leikin's (2010) found a lack of mathematics teachers' knowledge about the uses of mathematics as perceived by the teacher. Their findings indicate that only a few teachers saw the importance of their advanced mathematical knowledge in their ability to relate school mathematics to mathematical applications in society, which may harm teachers' ability to expand their repertoire of examples that could be integrated into their ordinary mathematics lessons. Also, Hoffmann & Even (2008), presented an analysis of the interviews generated aspects of the nature of mathematics that the participating mathematicians find as mathematics teacher's knowledge required. Such as knowledge of mathematics as a broad and diverse discipline, understanding that mathematics continues to evolve in different directions, and seeing mathematics as a rich connections field. Teachers need to know that mathematics is not a theoretical science but a tool for solving life problems and that mathematics helps to solve problems from other disciplines.
Ernest (1989) claims that exposure to the applications of mathematics contributes to the teaching and learning of mathematics. It can achieve two goals: First, presenting mathematics applications makes mathematics more relevant, and provide justification and motivation to learn some of the content of mathematics. Second, it provides a variety of models, images, and analogies for mathematical concepts, which offer a basis for the learning of these concepts, by building new knowledge based on previous knowledge of learners. 
Many other researchers (NCTM, 1980; Cockcroft, 1982; National Curriculum Mathematics Working Group, 1987) state that knowledge of the processes and methods of inquiry of modern mathematics can contribute to the teaching of mathematics. For many of these processes, such as looking for a pattern, hypothesizing relationships, and testing conjectures, are equally a part of mathematical problem solving, which is identified by many as the heart of mathematics.  
The proposed study aims at finding a way to reduce the gap between practicing teachers' existing background and the desired background which includes a wide variety of news published in the mathematics literature in recent decades. 

2. Research objectives and expected significance 
The main objective of this proposal is to study the impact of high-school mathematics teacher's exposure to news in contemporary mathematics on the development of their MKT.
2.1 Research Questions
[bookmark: _Hlk54957228]This study is designed to reach an answer to the following question: How do high school mathematics teachers perceive the contribution of their exposing and interweaving contemporary mathematics content during their mathematics lessons to the expansion and deepening of their MKT?
2.2 Expected significance
If this study proves successful in finding out that the teacher's exposure to contemporary mathematics will lead to the expansion and deepening of various components of their MKT, as a result, the mathematics teachers will be more knowledgable, their teaching quality will be improved, and the mathematics education of future mathematics teachers in Israel will be improved, which implies a better mathematics education to the future generation. The additional significance may have implications for the process of training high school mathematics teachers, which should include courses that expose learners to diverse aspects of contemporary mathematics for the expansion and deepening of pre-service teacher's MKT. Also, the supervision of mathematics teaching may turn the contemporary mathematics news into an integral part of the mandatory curriculum, thereby giving formal recognition to the importance of communicating the ideas mentioned above. Once a month, each teacher will interweave one MNS in his/her math class. To prepare teachers to interweave the MNSs in their classrooms, it is recommended that they attend a designated PD course for which they will be eligible for remuneration include workshops for in-service mathematics teachers that invite them broadening and deepening their MKT through exposure to mathematics as a rich and diverse field that continues to evolve and lead to the development of additional fields that contribute to our daily lives. AS a result, high-school students will be exposed to the nature of mathematics, its development process and will be chosen to continue to develop in the field of mathematics to contribute to the society and economy of the State of Israel.
3 A detailed description of the research program
3.1  The working hypothesis: There is a "hole" in the educational background of mathematics teachers
The basic hypothesis to be examined and hopefully validated in this study is that high-school mathematics teachers lack knowledge about the nature of mathematics, about the development of mathematics, about mathematicians and their work process during posing and solving of theoretical problems and their applications.  They miss knowledge about mathematics as an ongoing field that continues to evolve and develop. Math teachers are often unaware of the connection between the development of mathematics and the development of other fields and, among other things, the applications of mathematics that relevant and contribute to our daily lives.

3.2  Research design & methods
The study will take place in two successive stages: Stage 1: Publishing a call for participation in a 3-year professional development program for high school mathematics teachers, preparing participants for sharing with their students 6-7 different cotemporary mathematics news every year, starting in 10th grade in the first year and ending in 12th grade in the third one. We hope to attract ~90 high-school mathematics  
Stage 2: The main study:
Target Population. ~90 high-school mathematics teachers who teach mathematics grades 10-12. The teachers agree to take part in the study for three consecutive school years with the same class (grades 10-12). 
3.2.1 Research design.  The study will be conducted according to the following details:
First The participated teachers will be separated into 3 workshop groups according to their class's mathematical level. In our country, high-school teachers teach mathematics at levels of 3, 4, and 5 units. The level of 3 units is the lowest level of the matriculation exams – Group A, the level of 4 units is the intermediate level – Group B, and the level of  5 units is the highest – Group C. The considerations for division into groups according to the levels the teachers teach are based on a preliminary study (section 3.3) in which we identified the importance of adapting contemporary mathematical news according to the class level (such as, the challenges of teachers in teaching at each level, the students' previous knowledge, student abilities and more). Also,  the teachers will prepare mathematical activities that accompany the presentation of contemporary mathematical news in their classes, and it can be assumed that their working with other mathematics teachers who teach the same level will be easier to achieve collaborative fruitful work.
A. During the summer before each of the three years of the study, the participant teachers in each of the groups(Groups A, B, C)  will participate in a 30-hour summer school workshop during which they will be exposed to seven contemporary mathematical news, will discuss with the study team and with their peers about the contents incorporated in it, the challenges that can appear during integrating the mathematical news in their classroom, activities that can be integrated before/during/after the presentation of the contemporary mathematical news in their classroom, and possible ways to integrate it into their classroom. The purpose of the activities is to arouse the teacher's abilities to develop and formulating tasks and activities that invite their students to be curious and expand their knowledge of contemporary mathematics, as well as to expand the teacher's knowledge about  a possible connection between the curriculum mathematical content and the content integrated into the contemporary mathematical news and more. At the end of the three years of the study, the teachers will participate in a 90-hour summer school workshop and will be exposed to 21 different contemporary mathematical news. 
B. During each of the three years of study the teachers will integrate at least 6 mathematical news in their classroom (of the seven they were exposed to during the summer before: 6 in 10th grade, 6 in 11th grade and, 6 in 12th grade ), and in total, at the end of the three years of study, the teachers will integrate at least 18 contemporary mathematical news in their classrooms. After integrating each mathematical news the teachers will report on a collaborative site about the integrating process, their challenges through students' responses or interesting questions asked, how they deal with it, and more.
	Time
	Activities
	Data collection
	Remarks

	May-June 
	The publication of a voice calls on teachers to participate in workshops
	
	

	July 
	Preliminary questionnaire
	Mix
	Only at the beginning of the study

	August 
	Summer school workshop: exposing the teachers with contemporary mathematics by presentations appears in this hyper-link, discussing the contents and the challenges to integrate them in the lessons, and more   
	Qualitative
	These paths of during one-year activities and the data collection process – will be repeated during the three years of research

	September-June 
	Integrating contemporary mathematical news in mathematics lessons
	Qualitative
	

	July 
	Questionnaire after the first, second and third study year
	Mix
	



3.2.2 Methodology, Research tools, and Data Collection Procedures. 
Both quantitative and qualitative methods will be applied for data collection and their analyses, for better understanding the development of high-school mathematics teacher's MKT through interweaving contemporary mathematics in their lessons. The mixed-method Data collection instruments will be developed to suit the following procedures:
Four teacher questionnaires will be administered: One at the beginning of the study before the teacher exposed to the mathematical news, and three others at the end of each school year. The questionnaire will be designed including multiple-choice as well as open-ended and closed-ended items. The questionnaires will include similar items to allow longitudinal comparisons. 
Semi-structured Interviews will take place during each of the study years with the participating teacher; The number of interviewees will be determined according to the actual group size. 
[bookmark: _Hlk55429395]Teachers’ comments and feedback about their experience, their challenges, about their students’ reactions, and more details provided in writing after interweaving each of the contemporary mathematical news at the collaborative site/
Video recordings of all workshops meetings with teachers, including exposing the teachers with 21 presentations that each about mathematics news (link to the presentations in Hebrew:  https://ramzor.sni.technion.ac.il/#!/presentations , and to the presentations in English: https://mns.org.il/ ) discussions to be held in the plenum or teachers' working groups in the context of mathematical news, teacher's suggestions for how to integrate the mathematics news in the classroom, thinking about and preparing of activities for their students which can be suitable for integration before, during or after the presentation of mathematical news and more.
[bookmark: _Hlk55748131]Data-Analyses: To increases the quality of the analysis, we employed both qualitative and quantitative methodologies (Creswell, 2014). Responses to the open-ended questionnaire items went through content analysis (Neuendorf, 2002), implementing a process of open and axial coding to identify the main categories and sub-categories (Corbin & Strauss, 2008). Responses to Likert-scale items and other quantitative responses items will analyzed too. Convergent parallel mixed methods will be implemented. Quantitative and qualitative data will be analyzed separately, and then the results will be compared side by side to gain an in-depth perspective. First, the quantitative statistical data (from the questionnaires) will be analyzed,  and then the qualitative findings (e.g., themes relying on the open items on the questionnaires, interviews, teachers’ comments, and feedback, and workshops' video recording) that hopefully will strengthen the quantitative findings and deepen the perspective on the statistical results while presenting evidence from qualitative findings (Creswell, 2014).  
3.3 Preliminary results
During 2016-2019, a three-year study was conducted that focused on the effects of the integration of contemporary mathematical news in high school math lessons on students' perceptions of mathematics. As part of this research throughout my postdoctoral studies, I conducted a preliminary study that followed 6 teachers who stayed with the same class for three successive years (10th-12th grade),  to examine their MKT development during their integration of contemporary mathematical content in their lessons. Below are partial findings:
[bookmark: _Hlk55749771]The teachers' experience in interweaving the contemporary mathematics news led to a noticeable development of their HCK. Participating teachers perceived their experience as contributing to their HCK, relating to both core knowledge and pedagogical practice, as Figures 1a and 1b illustrate. 
	1(a)
1(b)






     

	Figure 1. Rate of teacher agreement with statements regarding HCK — core (a) and pedagogy (b)


Figure 1a shows the distribution of the rate of teacher agreement on a 5-level Likert-scale to the following statement that appeared in the questionnaires: “Interweaving contemporary mathematics news expanded my knowledge about the applications of contemporary mathematics in science and society”. As can be seen, at the end of the third year, 5 of the 6 participants agreed or strongly agreed with this statement. Interview data further supports this finding. For example, relating to a geometry lesson in a non-MNS class, a teacher said: “I engaged my students in paper folding…I told them about the contribution of paper folding to medicine and space, as presented in the Origami MNS, and I clearly saw how their motivation to do the activity had risen”. 
Similar results were found regarding another aspect of HCK, on which teachers draw when planning or teaching lessons. Figure 1b shows the distribution of the rate of teacher agreement to another statement that appeared in the questionnaires: ”Interweaving contemporary mathematics news contributed to my recognition of the importance of introducing students to contemporary extracurricular mathematical topics”. As can be seen, at the end of the third year, All participants agreed or strongly agreed with the statement. Interview data further supports this finding. For example, relating to a lesson using Geogebra, a teacher reminded her students that what they see on the screen is not proof, but only special cases which may be indicative of the general case, and she added: “However, it was only after I showed them the MNS about the Map Colouring problem that I could provide them with a meaningful explanation for the reason and they were capable of truly understand it”.
Teachers also felt that incorporating contemporary mathematics news in their lessons had an added value in terms of the moral that can be drawn from the hard work of mathematicians, thereby stimulating students' motivation:
I encourage my students to persist in their efforts in solving a problem by reminding them of the long struggle with the proof of Fermat Theorem that was strewn with disappointments, but ended with great success, as they saw in the MNS. For many students, this is a source of inspiration.
Figures 1a and 1b indicate a gradual increase in teachers' attribution of the effect of interweaving contemporary mathematics news on their HCK. Teachers perceive the contemporary mathematics news project as expanding their mathematical horizon knowledge (e.g., regarding applications of contemporary mathematics), and their awareness of the importance of introducing students to contemporary mathematics.
Drawing on the Refined Consensus Model of PCK (see Carlson & Daehler, 2019), we propose distinguishing among three types of HCK in mathematics education:  HCK held by multiple experts in a field (Collective HCK), HCK held by an individual math teacher (Personal HCK), and HCK on which teachers draw when planning or teaching lessons (Enacted HCK).
In this study, we identified cases of growth in personal HCK and enacted HCK. Teachers' utterances suggest that these two types are intertwined. These results suggest that incorporating contemporary mathematics in everyday classwork strengthens teachers’ HCK. Follow up studies should focus on how teachers’ different types of HCK contribute to their general didactic practice, as well as the long-term implications this has on student outcomes, achievement, and attitudes toward mathematics.

3.4 Conditions for carrying out the study
To carry out the study
3.4.1 The academic staff: researchers, facilitators of the teachers' workshops, accompanying the teachers, and providing a response following their needs. 
3.4.2 Videoconferencing tools will be needed for interviewing students whose residence places are spread out, and for periodical meetings of the academic staff, and the, facilitators with the researchers for a regular follow up.
3.4.3 Service of statisticians for the process of analyzing quantitative and qualitative findings.
3.4.4 Needed office space, computers, and internet access services for the research personnel. 
3.5 Expected pitfalls and alternative steps.
3.5.1 The study will conduct for three-year and teachers may decide to retire during the study for some reason, such as leaving the workplace and more. From this, at the beginning of the study, the participant teacher and their principal will request the commitment for participating in a three-year study, and we will start the study with more than 90 teachers as much as possible, so that even after the retirement of some of them at least 70 teachers will persist for three years.
3.5.2 Teachers who respond to a call to participate in the study may include more teachers who teach at the 4-5 unit level than teachers who teach at the 3 unit level. In such a case the division into three groups will not be according to the level of study but will be mixed, and if necessary the workshop work will be divided in each group into subgroups according to the levels of study.
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