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SCAFCA - Symplectic Circle And Finite Cyclic Actions: a new approach

A symplectic manifold is a smooth manifold M with a non-degenerate differential 2-form w. Hamiltonian
torus actions on symplectic manifolds may be thought of as a mathematical formulation of Noether’s principle
“to a symmetry of a physical system there corresponds a conserved quantity”. They correlate to tori in the
group Ham(M,w) of Hamiltonian symplectomorphisms. Mapping the maximal tori and abelian subgroups
of Ham (M, w) requires understanding to which Hamiltonian torus actions the Z,-actions and the S'-actions
extend. The manifolds that we consider are compact, connected, symplectic, and of dimension four.

Background: In dimension four, the classification theorems of Delzant and Karshon associate to a

Hamiltonian action of (S!)? or S a combinatorial object, a polygon or a decorated graph, and show that
this association is one-to-one (up to isomorphism). It follows from the classifications that such an action is
obtained from a minimal model, either the complex projective plane CP? or an S?-bundle over a Riemann
surface, by a sequence of equivariant symplectic blowups, in which an embedded invariant ball is replaced
with a sphere of self intersection —1. However, Delzant and Karshon’s classifications do not give the actions
on a fixed symplectic manifold nor the symplectic forms that are invariant with a fixed action.
The classification of Z,-actions is currently out of reach. The question of whether any homologically trivial
Zn-action on a given symplectic manifold extends to an S'-action was answered positively by Chen for CP?
and by the PI and Chiang for S2-bundles over S?. On the other hand, the PI and Chiang construct examples
of homologically trivial symplectic Z,-actions that do not extend to Hamiltonian S'-actions.

Goals: The project’s goal is to extend the scope of classification of group actions on symplectic four-
manifolds beyond the current boundaries: to classify Z,-actions according to their extensions to Hamiltonian
tori actions, and to add axes to the classification of Hamiltonian S'-actions: in one, we fix the form and
let the G-action vary, and in the other, we fix the action and let the symplectic form deform in the cone of
invariant symplectic forms.

Concretely, for G = S and G = Z,, we look at global features, such as the number of maximal torus
actions to which the G-action extends and the homotopy type of the space of equivariant symplectomor-
phisms, and check, in both axes, what are the chambers in which the feature is stable. In another axis, we
track the effect of the blowup on the feature. Moreover, each of these questions is prominent on its own.

Methodology: We will combine methods from Gromov’s theory of J-holomorphic curves, complex

geometry, and equivariant symplectic geometry. The novelty is in harnessing the tool of inflation of a
symplectic form along the class of a J-holomorphic curve in the equivariant setting. We will use equivariant
inflation to get stability of a feature along a path of invariant symplectic forms up to a certain point, and
to show that the equivariant symplectic blowup is unique up to equivariant isotopy: a deformation in which
the class of a form is constant, which is stronger than isomorphism. The inflation tool was used so far only
in the non-equivariant setting; it has proven to be ground-breaking in McDuff’s proof of the uniqueness
up to isotopy of the symplectic blowup in four-manifolds. McDuff used the Seiberg-Witten invariant to
obtain the J-holomorphic curves to inflate along for a generic w-tamed almost complex structure. However,
a generic w-tamed J need not be invariant under the G-action. To overcome this, for G = S', we obtain
invariant J-holomorphic curves from the associated combinatorial models. Still, inflating along these curves
does not give enough freedom to deform in all directions of the invariant symplectic cone. Thus, we develop
new algorithms for sequences of inflations along the curves. The possibility of getting a path by a sequence
of inflations was only opened recently by the tame-to-tame version of the inflation lemma of Chakravarthy,
Payette, and Pinsonnault.
Each step of the plan involves many subtleties and special cases and requires creativity and mastering
different techniques; completing the plan requires a lot of brain power in the form of post-doctorants and
research students, and gathering of experts from different areas of mathematics, through conferences and
workshops.
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Why is your project innovative, and what makes you the suitable PI for it?

The project presents a new approach to the classification of group actions on compact symplectic four-
manifolds. This approach will yield a so-far-not-approachable complete classification of finite cyclic group
actions and a new multi-axial classification of circle actions, fixing the form and letting the action vary, or
fixing the action and letting the form vary. For that, I apply tools that were not used before in the equivariant
setting, in an original way.

This project is the culmination of my research experience and academic training. I have been studying group
actions on symplectic four-manifolds since my PhD thesis. The emphasis was first on Hamiltonian 2-torus
actions, later shifted to Hamiltonian circle actions, and eventually to finite cyclic group actions and their
extension to torus actions. My papers on extensions of finite cyclic group actions are the leading papers on the
subject. In past works, I have used diverse techniques: combinatorial, algebraic, holomorphic, and J-
holomorphic; from each, I took another tool. In many of them, I demonstrated creativity; e.g., in constructing
counter examples, and in applying model theory (from logic) to study J-holomorphic curves. Recently, in a
work-in-progress, I have been working on showing the uniqueness of a symplectic blowup that is equivariant
with respect to a Hamiltonian circle action. The breakthrough was realizing how to use the J-holomorphic tool
of inflation for that. Finding the right J-holomorphic curves to inflate along requires a thorough understanding
of the decorated graphs associated to Hamiltonian circle actions. Devising the inflation algorithms requires
creativity. Furthermore, I have realized that these ideas can be applied in a much bigger scope to extend the
classification of group actions beyond the current boundaries. This plan involves many sub-steps, each with
its own subtleties and special cases, and requires a combined effort of several research assistants. The
experience | gained in supervising post-doctoral fellows and research students will help me to lead the
combined effort.
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